APEC 5152
Utility, Indirect Utility and

Expenditure

Consumption

We'll use Cobb-Douglas preferences, u=q1¥' q2¥2 q3"3, where y1 + y2 + y3 = 1. It turns out that
using the Cobb-Douglas function doesn’t work with the Solve function. Taking a monotonic transforma-
tion of the function - a log transformation - however, yields a solution.

The Indirect Utility Function

The lagrangian
we2= U = Log[q1* q2¥2 q3*3] // PowerExpand
L® =U+2x (wv-plql-p2q2-p3q3)
oue2= Y1 Log[ql] + y2 Log[qg2] + y3 Log[q3]

out[63]= (7p1 ql-p2q92-p3 q3+wv) A+vyllLog(ql] +¥2Log[q2] + y3 Log[q3]

The first-order conditions

in3= FOC1O = Oq1 LO
FOC20 = 94, LO
FOC30 = 043 LO
FOCAQ = 0, LO

out[3]= i{% -plA
Out4]= ¥2 p2 A
q

out[s]=

2_
Y3 _p3
q3

outel= —pl gl -p29g2 - p3 g3 +wv
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7= MarshSol =
Solve[{FOC10 == @, FOC20 == @, FOC30 == @, FOCAO == 0}, {ql, 2, q3, A}] /. yl+¥2+¥3->1//
ExpandAll // FullSimplify

- wv y1 wv y2 wv y3 1
out[7}= qua pl , g2 > D2 , 93 - 03 ,)Lewv}}

Substitute the above demand functions into the Cobb-Douglas utility function.

nor= V[pl_, p2_, p3_, Wwv_] = Exp[U] /. MarshSol[[1]] // ExpandAll // FullSimplify

wvyl)’f1 (wvyZ)ﬂ (wvyB)Vf3

Ut ( pl p2 p3

Further simplifying yields: V[p1, p2, p3, wv] = (ﬁ)ﬂ (ﬁ)ﬂ (g—;)ﬁ wv

Roy’s identity in action

_ ap1 Vipl, p2, p3, wv]

In[57]:=

// ExpandAll // FullSimplify
Sw VIP1, p2, p3, wv]

8,2 V[pl, p2, p3

_%2VIP1, P2, P3, W1 o ondAll // Fullsimplify
Ow V[p1l, p2, p3, wv]

_ 9p3 VIp1, p2, p3, wv]
Ow V[pP1, p2, p3, wv]

// ExpandAll // FullSimplify

wv vyl
pl <y1 + Y2+ 7{3)

out[57]=

wv y2
p2 <y1 + Y2+ ){3)

Out[58]=

wv y3
p3 (v1+v2+v3)

Out[59]=

Expenditure Function

The optimization problem is L = p1 g1 + p2 g2 + p3 g3 + A (u - q1¥* g2¥2 q33)

ns= L= plql + p2gq2 + p3g3 + A (u - q1¥1 q2*2 q3*3);

6= o€l = Oq1 L

foc2 =94 L
foc3 =943 L
foca =9, L

ourie= pl - g1t 272 g373 y1 2
Out[17]= pz — qlYl q271+7(2 q3y3 Y20
ouf18l= p3 - q]_?/l qZﬂ q3’1*73 Y32

outo: —q1¥1 q2¥2 g3 +u

The solution gives the system of demands



Consumption_170124.nb | 3

npzop= Solve[ {focl == @, foc2 == @, foc3 == @, focA == 0}, {ql, q2, q3, A}]1[[1]] // ExpandAll //
FullSimplify
HickSol =% /. y1+¥2+y¥3 -1

v2+v3

~1+ ¥l Y2 ¥3 1 _ ¥2 _ ¥3
out[29]= {ql - pl7 T aa2as p2iiazas p3iinazas Uninzas ylvieeas w27 dneas y3 e,

v1 42 3 1 o v1ev3 3
q2 N pl Y1ry2y3 p2 Y1v2iv3 p3 Ylry2ey3 Uvylev2ev3 Yl Y123 YZ Yliv2+3 )/3 To2a3

¥ ¥2 ) 1 o ) y1ey2
q3 - pl Y1+v2+y3 p2 Y1ev2+y3 p3 Y1ev2+y3 U vlev2+y3 Yl Y1rv2:v3 YZ Y1ev2v3 YB Y12a3

A= p]_ yL}Y;yz p211+§§+y3 p3 yhiiqa 1,1714r \{17:2+x3 Y1771+;;+73 }/27 y1+;§+73 Y37y1+:§713}
oupor {q1 = p17 7 p2v2 p3v3 Uy 123 22 4373, q2 5 p1vt p2 T2 p33 Uyl 423 373,
g3 - p17t p2v2 p3 2 Uy 1 232 432 s p1vt 22 p3v3 v 322 373
One of the demand functions
1 ¥2+¥3 2 ¥2 3 ¥3
qldemand = {p_) (p_) (p_) u
¥l ¥2 ¥3
The cost function

nss= plql + p2g2 + p3qg3 /. HickSol // ExpandAll // FullSimplify

out[35)= plﬂ p2y2 p3—7{1—y2 u Y1—)(1 Yz—‘,(Z Y3—7{3 <p37{1+12+‘/3 (Ylyl+72+y3 + Y27(1+7,(2+7/3> + p3 Y37{14@(24»,(3

We can further simplify

7= % /. y1+y2+y3>1// ExpandAll // FullSimplify
ouari. p1¥t p2v2 p31vIv2 y y17¥l 22 373 (yl + Y2+ y3)

So the cost function is:

1\¥1 2\ ¥2 ¥3
ineo= CC = (p—) (p—] (E) u
vl ¥2 ¥3

outjeo= U (;Li)ﬂ (;%)YZ (%)73

Applying Shepard’s lemma to p1 gives

Inie1:= Opy CC
outfs1]= U (%) “14y1 (I;%)T{Z (%)w

Since -1 + y1 = y2 + y3, this is the same as g1demand



APEC 5152
Mathematica Code that Derives Cost
and Value-Added Functions

1. Cobb-Doublas production function, cost minimization problem,
setup and first-order conditions

Introduce a three-input (k, 1, z) Cobb-Douglas production function, and use it to derive a cost function. We do this
by solving a cost minimization problem, with the objective function defined by “cst” and setting up the typical
lagrangian, and then taking the first-order conditions.

yy = ¢ k* 192 2% (x/.{a150.3,02-50.3,a3-50.4}*) ;
cst=rk + wl+tT2z;

Lagrangian = cst+ A (y-yy)

fcl = 6x Lagrangian;

fc2 = 9, Lagrangian;

fec3 = 9, Lagrangian;

fc4 = 6, Lagrangian;

Now solve the system of equations for optimal levels of all inputs (k, 1, z) and for the Lagrangian multiplier, A. This
yields the factor demand curves, fdk, fdl, fdz. Using // ExpandAll eliminates the exponential type answers.

cf = Solve[{fcl == 0, £fc2 == 0, £fc3 == 0, fc4 == 0}, {k, 1, z, A}] // ExpandAll // FullSimplify;

fdk = cf[[1, 1, 2]]
£dl = cf[[1, 2]]
fdz = c£[[1, 3]]

ay+as
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= 1.1 Substitute factor demand curves into cost function to derive producer’s cost function

Here, we substitute the factor demand curves derived above into the original objective function - the result is the

parameterized version of the cost function associated with the Cobb-Douglas production function.
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pcost =cst /. c£[[1]] // Simplify

T ourea s W Ota e Yo ee ey T g wiopazwox Oy SR oy N o3 M (o 4+ Qg + O3)

1.2 Apply Shepard’s lemma to the producer’s cost function to derive factor demand curves
kshep = 9: pcost // Simplify

lshep = 9y pcost // FullSimplify

zshep = 0; pcost // FullSimplify

14 _ _
Fragea Fragea Fragea
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Note that these are identical to the factor demand curves derived above in 1.0. To confirm, subtract one from the
other. Notice how I'm storing the first order conditions.

kshep - fdk // Simplify

lshep-1/. £d1 // Simplify

zshep -z /. £dz // Simplify

0
0
0

2. Value-added function, profit maximization problem, setup and first-
order conditions

Again, we start with a three-input (k, 1, z) Cobb-Douglas production functin. Define the revenue from selling
output, here “rev”, and get the first-order conditions of rev.

y=¢yk® 1% z% (x/.{a150.3,0250.3,a350.4} *);
rev=py;

Rent =rev-rk-wl;

(#+ First order conditions =*)

FOCk = 0x Rent

FOCl = 01 Rent;

—r 4 k71+011 12 P 703 wal

Now solve for the factor demand curves.
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factdem = Solve[{FOCk == 0, FOC1 == 0}, {k, 1}] // ExpandAll // FullSimplify;
FDk = factdem[[1, 1]]
factdem[[1, 2]]

FD1

1 1 a ay o3 1 1+, ™
_ 1@ _ _ —
l+og +a 1+aq +005
l+aq +0y l+ag +a l+og +a l+ag +ay l+og +a 12 1oz
k->p vy ¢ 1o W -liasay 7 1o s o
1 a l-a oy 1 a vy

1> p’ Tagia, Tooyra, w Tooya, 7 “Lrogra, w’ Trag tog O(; Lray+ray azl"?l’“z
2.1 Substitue factor demand curves into net revenue function to derive producer’s value-added
function

vaf = Rent /. factdem[[1]] // PowerExpand // FullSimplify

1 a oy a3 1 %1 _ ay

_p771+(‘47+&2 T olaea, gy oleogeog g -leageag w7—1+ul+u2 o Trag+ay o Leog oy

(-1l+o0a+az)
2.2 Apply Hotelling’s lemma to the value-added function to derive factor demand curves

khotel = -9, vaf
lhotel = -0y vaf

1 oy a, as 1 1- % _ %2
- 1+ - -
p e r “leagrap Woltogra, g -leogtog w Loy QU “lrog o s ~lrag +ap
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- 1+ - -
p e poliara w lagsop 7 -leagrop w Lrayrey (g —lrog o ot} “lrog+ay

Now test to see if Hotelling’s lemma holds for factor demands

khotel - FDk // Simplify
lhotel - FD1 // Simplify

0
0

2.3 Apply Hotelling’s lemma to derive the supply function for this single-sector model

Op vaf

1 a 23 a3 1 %1 _ ay
Lvog
140

P T Tleograp poleogeon gy -liogeog g -leageag w7*1+&7+&2 o Trag+ay oy

D[vaf, w] /. {a1 0.2, a2 > 0.3, az3 » 0.5}
D[%, w] /. {a1 0.2, a2 - 0.3, az » 0.5}
D[vaf, p] /. {1 0.2, a2 - 0.3, a3 » 0.5}
D[%,p] /. {a1 0.2, a2 0.3, a3 » 0.5}
0.0765255 p2- z1- y2-
0.4 1.6

0.122441 p2- z!- y2-

r0.4 2.6

0.255085 pl- z1- y2-
r0.4 WO‘G

0.255085 zt- y?-

r0.4 0.6
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rK = 26460.4 +51410.2 + 9930.2 + 151297.3

6902.7 +44125.4 +7798.6 + 242620.1

wL

Solve[rK/K ==0.1, K]
Solve[wL /L == 3257, L]

239098.
301 447.
{{K—>2.39098 x10°}}
{{L > 92.5535}}

rK /2390981 // N

0.1



