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_Consider the problem of dividing u fixed amount 01‘ poods among @
fixed number of agents. If, in a given atlocation, agent § prefers the undle
of agent j o his own, we will say 7 ennies J. 1 there are no envious agents
at allocation x, we will say & is equitable. 16 x is both parcto officient and
equitable, we will say x is fair,

Section [ motivates and examines these definibons, end compares

- this-approach to-some other theortes of normative ceonomies, Seetion 2
examines the relationship between envy und efliciency and establishes some
quite general results concerning the existence of fair ullocations

Section 3 congiders the problem of fair ailocation of wui», and leisurs
when production is possible. It is found that fuiv allocations will ot in
eneval exist n this case, cven under very reguiar con ditions. Aceardingly,
ept is generalized in two ways which witl exist under weak condi-
tions, and these new concepts are characterized o ferms of income and
wealth distribution.
Finally, Section 4 considers un extension of the comeept of f*'; iy whvm
we allow comparisions to be made between coalitions of ; erits. In th
cnse it is shown that the oaly allocations that are cealition-fair in a Lh
L.com;vmy are competitive equilibria. with equal incomes,

1. Tur Concrrt or TFairnEss

~ What is a fair way to divide society’s product 7 The 'mjmgm'n‘lm of this
guestion can hardly be denied, but the amount of cconomic analysis
relevant to it is rather small, In this paper I attem m; iu a g:;c-;'*; seme of fhe
standard tools of theoretical cconomics to the snalvsis of cortain formal

definitions of fairness.
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64 FIAL B, VARIAN

I begin by considering the case of pure fair division: There is some fixed

amount of resources 1o be divided among n apents. | will define an alloca~

tion us eguifabfe i no agenl prefers some other agent’s bundle to his own.t
ian allocation is both eguitable and pareto eflicient, T will say it is fair?

Finally, i some agent does prefer another agents’ bundie to hisownata—

mwn allocation, Dwill sny that (he first agent envies the second.

Fhese definitions forntalize o recurrent Lhemse in ethical thought: namely,
considerations of yimetry i distribotive justice. The eguily comparison
alfows each agent to put himsell in the place of cach other agent and then

forces him to evainate the other agent’s position on the same terms that he

judges his own. Thus it allows an nterpersonal comparison of a sort, but
it restricts the Wwy in whicl this comparizon can be made; in particular,
there can be no “douoble standard™ for cvaluating athers” positions as
compared to one's own position,

OF cmww this definition can only be a minimal reguirement for fairness;
alter all, the only fauts taken into wecount are the preferences of the
agents atf.ld the physical amount of goods (o be divided. Tn many cases
other facts may be relevint 10 the fair division problem; examples of such

Cother considerations might be the strengths of the apents preferences, the

nioral worth of the agents, or the history of how each ol the agents
contributed Lo the formation of the original bundle.

But the simplicty and minimai ioformational requirements of this
definition should counr as a strength of this approach rather than a wealk-

Cness. As | expand the problern of [air aliocations to include the possibility

of production. coalition formation. and so on. the criteria for what should
count as a “fair’” allocation may certainly change, But we must walk before

we can run, and L will puy us to examine the implications of this-shmple.

definttion in souue Jdetal,

Before | proceed fo thal task, | waat to spend a small amount of time
comparing this approach to the *“standard” approach of specifying a
social welfare function of the mm Wt a ) and choosing a division that
maximizes it The “fairness’ of the allocation resulting from this approach
depends critically on the ps‘sa*’w:uim" welfzre function used., Furthermore,
it s well known that finding o “reasonable” sociul welfare function may
be a very difficult problem: Lam referving. of course, to the various impos-
sibility resotts of social decision theory. (For a good survey of these results
see [10].)

Sncial decision theary views the specification of the social welfare
function as a problem in aggreesting individual preferences, Its chief

The defintion of cquity is due to Foley 161

2 e delindtion ol Bdrness s due to Schmeddler and Yo 1210 Schmeidlerand -~

Wind have also considercd the related notlon of “fade net teades,” [13)
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Can ks way 1t allows For a reasonable solution to e origing!

i

—areallofthe- Bergsomunvariety; that is where the oi

consisient w;t[z he n.k,.;i a:‘ Sairiess owould have
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resulls are of the form “There are no ressotahle way o
individual preferences.”
Why do we get such a pessimistic conclusion from s appronch? Ty

seemy 10 e that there are two pmmu Ch

(i S(}c 1 !r*uc.mn 1‘1m ‘axt\x far too much oui of the ap
DIOCESS,

(ily  Social decision theory does vol pul encugh o The apgregating
process,

~Soeial -decision theory asks for oo much out of the procesy
asks for an entire ordering of the various w:iai states (al
case). The origina! question asked only for o "goou™ allocsiion, there was
1o requirement to rank all allocations. The mmec-« criterion oy Sl Hmils
isell to answering the original quea‘[%ov' e 15 livited b fhat ir ghives no

‘ ol

mdication of the merits of twa nonfuir a,]nm Bons, bt by resiric

probiem,

Social deciston theory puts 1oo little into the socie) decison problem m
thut we generally allow individuat prelerences to be delined over the entire
set of soctal states. In the purticular problem of distributive justics
means that individual preferences arc defined over ontire allocutions,

1 think that this degree of generally contains too Hitle st tructure o produce

any satisfactory positive results. The faimess approach, ather hand,
restricts preferences to be defined only on individu :i buaoles and thus
atlows for a symmetrie comparison ol the ageniy’ 1"«.:1% Liv ‘ '
Besides the generally negative results concerning U
such functions, the specilic wellire Tunctions that hzs,\;’xi -

defined only on the individual bundles: HTudvy T hs; affocation ‘t‘
maximize such functions hayve the desirabile »t,,)},}s;:z" : i

eflicicnt: however, the resiriction to the Berosonian
information avalable for the “enwy” wn[

evaluations of other agents bundles were ‘L] owid: ih
Pancticn would }vwc the Torm of Wi A sneciie ¢
HAx) = a Y ) o B udey ey a, . where 5, 0 i.zr’;iﬁ,g 3f the
“envy' term is p(mrw‘ cand zero otherwise. The paramotess «
mtﬂrp eted as weighing the relative importance of

“oquity’” considerations,

S L NS S “"H‘”; Y} o
e oo rsy N tha

A, Comparison to Rawls

John Rawls has considered in some detaii the meaning of the conoent of

S
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justice, Since many ecopomists are familiar with his work, it may be useful
to compare the fairness wdes to Rawls” approach.

Rawls argues that the principles of justice in a society should be prin-
ciples that would be agreed upon by free and rational persons in an
“original position” of “igoorance’” us to their actual positions in the
saciety in guestion, The original position is 1o be regarded only as a
hypothetical state. Formally it adds nothing to an analysis of what a just
state 1s: it only gives us a restriction on what type of reasons can be given
for choosing one particular principle of justice over another, The restric-
tion s of course that the only reasons allowed are reasons that could be
appealed to in the original position. Thus Rawls spends considerable
effort in delineating exactly what information is available to the agents in
the ariginal position.

This, it seetus to me, is & well-directed inguiry, For what should count as
reasons in a moral discussion is an important and interesting guestion;
although the idea of the original position simply leaves us with the same
problem, its particular picturesque description allows for a certain
imsight, By appesiing Lo the inilial anonymity of the agents, Rawls appeals
to the sime symmetry instinet to which fairpess appeals.

When Rawls eventually tries to answer the guestion of what principles
would be chosen in the original position, he arrives at two principles, which

I abbreviate as the *
L:ipkt.’ Much of the book is spent in clarifying these principles and

o &

equal liberties principle” and the “difference prin-

analyzing their conscquences. To justify the choice of these particular

principles of justice. Rawls states that it is uselul as a heuristic device to
think of the two principles as the maximin solution to the problem of
social justice.” [9. p. [52] '

Many economists have jumped on this statement as implying that Rawls
favors a maximin social wellare function, The arguments against such a

somXimine wetare fonction are rather strong, primarily vesting on-the-fact-———

that people are psuallv not all that pessimistic in their choice behavior [11.
But note that Rawls appeals to the maximin argument only as a hewristic
principle. His fundamental assertion is that the two principles of justice
mentioned before would be chosen: the maximum behavior 18 only an
attempted explanation of why they would bhe chosen.

The guestion that concerns me here s nat how the theory of fairness
compares 1o a maximin soglal wellare i“una‘tion but rather whether the
theory of fairness could be the outcome of the original pe
eribed by Rawls, 1t seems (o me that it could, and in fact § believe Rawls
himsell argues to this efivet.

Rawls discusses the convept of “envy™ in Sections 80 and 81, It is
important Lo tuke note of his terminology; Rawls thinks of envy as “the

ion as des-
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propensity to view with hostility the greater good ol vibers 2ven though
their being more fortunate than we are does nol detract from our advap-
tages”™ [9, p. 532]. In the particular case of distributive fusiic 1 AN COT~
sidering, this definition seems to describe n case where preferences are
~defined-over-entire-alocations, and inereasing the bundle of one agent
results 10 decreasing the utility of the other agents, Hence iU s clear that
ihe theory of fairness roles out what Rawls calls envious behavior sipee
preferences are reguired to be defined on individual bundies,

On the other hand, Rawls does allow that reseaimsas is fogitimate moral

category. For Rawls claims,
- “If we resent our having less than others, it piust be because we think
that their being better ofl is the resull of unjust institutions. Those who
express resentment must be preparad to show _a-h} certain institutions are
unjust...” {9, p. 533).

[ belteve that envy, as | have defined i, 1s very similar o Rawls” concept
of resentment, for the existence of envy is clear-vut ovidency that agents
are being treated asymmetrically. In the above quates, Rowls imnlies that
a just socicty would be free from resentment.

Hence it would seem that o just alfocation of goods in Rawls” sense must
satisfy the criterion of fairness as b have dehined it

2F AIR DrvisioN

In this section | will present some theorems concer nv.},f the probiem of
fair diviston previously mtroduced and discuss some fs the relotionshins
“between the concepts of equity, cavy, and efliciency, We will first restitte
the previous definitions in somewlhut more formal term

An allocation x is weakly efficiens (v iy In PW3 O there s no Tedsible
allocation y such that v, >, x, for all agents £ Ap cilocation x s yorengly

51

{:‘;{rf":ff{:‘i‘lf ("t i3 i ?*;} 1“‘ it e 1S 110 I?’mirf‘i > ‘%Hf'vfi_l?’iﬁm ¥ such thst '1:5 ﬂ:, X, o
all agents / and there is some ugent [ such that v~ » . Anailocation xis
wﬁmaiﬁz."e’ i xy X for all agum Favd j.if ;s‘; rf. we wili say that i

enpies j at the allocation x. 1f an al “Iacmmn v is both sauiteble and strongly
efficient, we will say x 18 Jair. 1 the allocation x iv equitable but only
weakly cfficient, we will say x s weaklp fuir.

A fundamental relationship between envy and ciizioncy s aiven ta the
Aollowing theorem. .

i

Toworem 21, If x s a strongly efficient alfocarion, thew ithiere iy sone
dgent thar emddes no one ard there s some agent shat e nne cnvies,
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Thus there is a top™ and a “bottom™ Lo the set of agents in a strongly
efficient allocation, 1t is possible to extend this partial order to the whole
set of apents by disregurding the nonenvious agents and their bundles and
considering the resulling allocation: this allocation is still strongly efficient,
and thus there are ponenvious agents. {(These are the agents who envied
only the original noncnvions agents.y We can consider these agents to be
the “second bost off.” and then conlinue to cxtend the ordering, Un-
fortunately, simple examples show that the ordering which comes from
disregarding the wnenvied agents, those at the bottom of the pile, will not
in gevneral be consistent with the ordering just described, Nevertheless, it
is of some interest 1o note that we can gei @ nataral measure of how well
off cach agent is in any strongly efficient ailocation,

Moving on to the concept of equity, we recall that a classical notion of
equity 1 the context of @ market econcmy s that of an equul-income
competitive equilibrium, which is also, of course, an efficient allocation. 1t

- is therefore reassuring to notice that equal-income compelitive-atlocations-

are indeed fair by our delinition,

Tueowim 2.2, Suppose thal preferences are monotonic, Then if (x, p) is

a comipetitive equilibrian witlep « x, = p - x for all { and §, then x s fair®

Interestingly enough, o campetitive equilibrivm from an equitable

allocation is nor agcessarily fair, and not all fair allocations have equal

incomes, Furthermore, theve will in general be points in the equal diviston

core which are not fair.

A primary concern about the usefulness of the concept of fair allocations
is the guestion of whether they exist in general circumstances. The above
theorem gives us an pmmediate resalt on this existence question.

Tueores 2.3, I preferences are convex and mronotonie;then —fair-——-

allocaiions exisy?

The primary restriction of the above theorem s that of convexity of

preferences, As lair allocations can eastly exist in the absence of this
condition, the above resuit is somewhat wnsatisfaciory.

It turns out that a more general condition for the existence of fair
atlocations is that the wopological structure of the set of ellicient alloca-
tions be especially simple: that is, thal 1 consist of one piece with no

*The frst part of Theavem 2.2 is of couvse Koopmans® first opiimality theorem.
Since the definitions are shehily dilferent, T hove repeated the proof, inserting the
necessary ohanges, The wawnpiions can be relaxed somewhat.

P The idea of Theorem 2.0 i3 due to Schmeidler and Yaari {12].
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The situation is radically different when produciion is pessible, Form
this case the agents may contribute dillerently to the ﬂ«mu *smduct, and
thus there is an inherent asymmetry to the problem. Indeed, the deepest
problems of distributive justice are concerned precisely MU Ehis guestion:
“How do we divide-the social product when agents can contribute difs

ferently to the formation of that product? We will Ly o investigute this
question by extending the approuch of foir division discussed in the last

section,

We will assume that there is o fixed initial buudic of co m;_w;im‘i ga0ds
won R.Y furthermore. cach agent can hold up to ane anit o
feisure. I”hus ‘the lnal bundies beld by the ith u;.n:m are of the form
{x;, 1 — q;), where x; is the ith agent’s huadle of o g'z:;n;ﬁur;,.., iy s hig
amount of labor time, and thus 1 g, is lus amount of feisere e, We
will incorporate the technological production possibifitics into "h"f :»na:‘uysis
by considering the set of all feasible allocations X, & subser of 20" The
_definition of strongly eflicient allocations is izumm ie the provious defin-

tion: an allecation is equitable i {x, . | — ¢ o (0.0 — ¢ for all

/)
agents f and f, and an allocation is laic i (¥ it is both mg: itabie and strongly
efficient. Thus, if we have an elficient atlocation where each agent {weakly)
prefers his consumption-leisure bundle to any other ugent’s, tat altocalion
is fair,

The problemy with-this approach s simply this: Fzz’%r aflocations, s
defined above, will not in general exist cven in very regular cases, 'Uw
problem becomes apparent when we examine Lhe proof of Theorem 2.6
for this theorem we need the results of both Theorem: 2.4 (that the efficient
set i3 homeomorphic to a simiplex) and Theorem 2.0 (that at an efficient
allocation there 1s some agent that no one envies

e
O
i

f his awn

with Theorem 2.6 the efficient set will still be homeomorplic to & simplex
i we assume that (1) zero consumption and zero loisurs is the wors
possible bundle, and (ii) the set of feasible allocations s reoufar—ie., i
is compact and convex, and if {v. | — g1 i3 i X overy all w.Amr» that s
smailer than (x, | ~ ¢)dsin Y,

[aast

the other, Consider the following twao-person tw :,,e—g;x;-.ul exdamnic:

pussible to have strongly efficient aliocations whers two ugeots each envy

o

Xy, gy == log x; - Jog (35 - el

(X, ) o log vy - log (28 —

Xy o = (LSy gy - g
Consider the allocation ((6. 3), (1, [34). Tt i ecasy o check that the

g There is oo problem

The_problem comes in Theorem 2.1, Surprising as 38 may seen
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marginal rates ol substitution equal the marginal rates of transformation
so that this allocation is efficient. However,

wdXy g d o 60 30 - 180,

Xy Ged o 1O 2 20 = 200,

rxy . qad o 10 < 10 - 100,

so that each agent envies the other. Since the crucial relationship between
envy and efliciency does not go through to the production case, the proof

—of Theorem 2.6 does not work. In fict the following economy® -hasno famwr——— -

aflocations at all, evon though it exhibits constant returns to scale and
homogeneous utility functions:
w(¥y o g) o (EUIO) -+ (1 — ),
I".,f(‘: * {i’:,‘) = 2“; 4 U . (}'4}*
vyt X s (110 g — gy
0 =7 g, =21, S
The mtuitive reason for tns s clear; Elliciency will always require that
agent 1 do all the work and agent 2 com pensates him for it by allowing
him larger consu iption. Bul in such u situation (u.,cni will envy agent |

because fie consumnes more of the goody and agent 1 will envy agent 2
becanse he consumes maore leisure.

The fundamental problem here is that agent 2 really ““envies” the
ability of agent | as revealed in any efficient allocation. Since this ability
cannot be traded, we cannot bope to get a lair allocation. Similarly, one

persononight envy apother person’s talent or good looks. However, there

is an important difference between talent and productive ability; 1 may not
be able to produce as lne a painting us Picassa could, but 1 could produce
ag many 1 just worked more (and Dived Tong enough). In economic
activites with 4 well-defined product an agent with fess ability may be able
to produce as much as an agent with more ability simply by working

“lopger-and havder: 1tis this type-of sabstitaton that wittalfow usto-define—————

another notion of “fairness™ in the prodoctive case,

1t is also important to notice that this nonexistence is not due solely to
the fact that there ave different types of labor or different abilities. The
effect of different tastes is crucial, for one can show that Theorem 2.8 goes

through vnchanged so that, i all agents have the same pwfuwcm a fau

allocation exists even though agents® abilities may differ.
Apparently, to get a satisfaclory potion of fairness in the production

1

U his exampie 5 dng o Pazner and Schmeidlor 7).
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confext, we will Tave [o change our defindiion of "f“quéf“ T wil
mz%iéer two possible generalizilrons wl" the notan of far allovations,
ach concentrating on differcnt aspects of the concept of cqmt}f,
Wu wiil consider production technologios where 76 makes sonse o
associate with eacli agent the amouny of goods thut agent produces ot o
given allocation, Thus we can congider bundies of the o (v, 1 o 4,
z;), where x and g are as before and =, is the amount of all commaodities

produced by the ith agent, so that 7. is ap element of B i whind follows
we wili muke the lndependence Assumption: that o, is independent of
permuiations of the other z's. Thus the productian of Cie ith agent may
depend on whar others produce, dut not on who produces 4.

Under this assumption, it makes sense (o as< how much 7 owould have

~looworke Lo —produce. what £ produces st «;m"u,z: particuiar aliocation
(x, 1 g, z); this will fust be the ancunt of s labor necessary to vroducs
the mnp ul z, assumnng 2 -z, s held u,s_rm;mi,_, ang we will dernole thes

amount of iabor by {\,_)5[;,,:}.
We shall now define an allocation as cquirtabie 5V (5., U - g Lo
(xp, b @z For all agents @ and J0 OF course, 1F it i cmpossible for
*ap:om i to produce whal j produoces, Oz, will he undefined, aml we will
regard the equity® condition as being vacuousiv sedsfied for dhese fwo

agents,

Admittedly this definition is vol entire’y cthivally satisfactory, Perverse
cases arise when one agent 1s the sele producer of some good, siner in that
case no complaint agamst by could be justified. Tt is espec bad if
this agent is the scle producer af soite good ther grves atlity ondy 1o him!
Howewer, n cases where there s 0 reusonable aoouns of sabsiitpoon

~possibilities between agents” labor, the definition has ¢ cortn appeal. b
only allows you te complain about anothes fgent’s consomntion if you
are willing to match his contrbution o the xoutal product. Otherwise
Cyour complaint cannot be considered leginimate, Thus [ may “envy™ a
dector who only worlks one day a week deing broin siivgery and yeb has
substantial consumption: but unless I an » il ng To put i eneuel labor
tme to mateh his production of services-~for exarople, 6 vears of medical
school required—-my complaint against him canaot count ax logitinaie
in the sense of equity ™,

e

This definition does hd*}pﬂ‘v msm de us with an cstence theorem for
fair™ aliocations; for the analog of Jlcovem 2.1 goes throuag

Turores 310 Jf rthe Tndependesce Asswuprion &
(v, I — ay iy @ sirongly efficient allocation, then there U
epples” ne one aid some agent that ne vue cuvies”

And so the existence theorem works.
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Turorin 3.20 Ler X be regular, lei prefevences be monolonic, and
suppose that there are no two allacarions in PW which all agents regard as
indifferesn. Then fair® allocations exist.

(Of course the analog of Theorem 2.6 concerning the existence of fair sets......

goes through also,)

Recall that in the case of fair division, a competitive equilibrium from
an equal division was fair. An analagous result holds for fair® allocations.
Suppose that we Lave a pa rttcuimly simple Lgnd of technology where there
we can associate with cach agent an “abi lity,”" @; , so that if the /th agent

“works Tor g, hours he contributes gy, “labor pm\f*z,r,*’ Production then

depends only on the amount of “lubor power,” not on the amount of time
worked by agents. In this special case, an allocation is equitable® iff
L, g Iy xe D aglay ) Tor all 7oand 0 Then we have the

f{:\liomng theorem.

-~

TrooreM 3.3 Suppose thar preferences are convex and monotonic; then
if we choose an inftial endowment where each agent gets win of the consump-
fion goods and one wiit of liis own leisure, the resulting competitive equili-
brivan iy fair™.

Sothe “mrtural” equihboum, with equal division-andno compensation -

for abilitics, hus the property of equity*; if any agent preferced some other
agent’s bundle to his own, he would not be willing to produce what that
other agent produces.
The intaition here is clear: 1If two agents produce the same output,
efliciency requires that they be paid the same total amount, even though

Ctheir wages may ditter. Hence, if | prefer o produce what another agent
produees and our initial endowments of goods ure the same, 1 should be
able to also afford his consumption bundle. This argument also shows how
we could extend the theorem to more complex technologies; we only

wed require that agents evaluate consumption—ouiput bundles rather

- ﬂmn, consumplion-leisure bundles. Then the result should go throughfor

any technolegy where an individual’s output is defined,

We will now discuss the second concept of “fair allocations” that I
mentioned earlier. If we have the classical conditions of convexity,
monotonicity, and so on. every efficient allocation is @ competitive equil-
tbrium for some iaitial indowment. Thus with each efficient allocation

%1 — ¢) we can associate a competitive price-vector (pyr)y-where-p-is— -

the price yvector ol the consumption geods and £ s the vector of wage rates
for the various kinds of fabor. We can then associate with each agent an
implicit focote p = {pr) (v, T gy), where each agent’s leisure is

i


http:Jabor.We
http:r::\t.es
http:I1Hmtkm.ed

EQUITY, ENVY., AMD EFFICIENCY id

evalnated at his particular wage rate. We wili then sav that co ailocation
-is income-fair HY y; == y; for all agents fand J.

It is easy to prove that income-fair allocations will always exist; we
simply divide the total mnmmpixm leisure bundic up oy i;" by @iving
“erch agent an equal share of all consumption goods and an cqual share of
each other agent’s leisure time und then trade to a com ;i)(:mtz‘»sc equilibrm,
Since a given agent presumably only cares abour his own Josure, pareto
efficiency implics that no agent will hold any other agent’s Teisure time at
the competitive equilibrivm. Stared forma 1,. :

Treorkw 34, Swppose thar preferences are conpex s nmonelomic,
then if we chaose an imirial endowinent where each agent gers win of the
consumption goods and Iln of each agont’s feisure. the resalting compelitive
equilibrivon is income fuir?

Theorems 3.3 and 3.4 demopstrate the fundawenia! ambguity of
equity in the pl’eductron case: Should we vicw fubor Ume on an fadividual
basis and give each agenl the same amount of his indvicual Jeisure, or

~should we view fabor time on a sociaf busis and give each agent the same

amount of “labor power”? In the first case we have equal wealth bul no
correction for ability, and in the second case we have caual incomes and
total correction for ability,

4, CoALTION TAIRNESS

The concept of equity allows comparisons between agents o be made
ouly on an indwvidualistic basis; cach agent compares his wwn bundle to
the bundle of each of the other agents. A stranger notivn of equity might
be one in which comparisons were alfowed belweary yrowes of ugenty, For
example, cach group ol agents could compure Hs ngpregate hundle to the
“aggregate bundle of any other group of the same size. A concent of this
type will be called coalition fairness, or. mere briefly, o-fairness, Befors we
can xtate the formal definitions, we will need 1o set up some machinory.

We consider & collection ol agents, (‘ wim:h mm L\p o or infinite,
and the set of coalitions of agents in ¢, %, which we will + be
siwma-algebra of C. We have a measure on t.v‘, N e R which mieasures
the size of a coalition. If C is finite, A will just be the nermal ,ze“: counting
measure, while if € is a continuum we will assume that A s an stoniess
mieasure, normahzed so that O = 1.

® Pazner and Schieidler prove & similor rosult in 51
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Suppose thal we have some xed | o goods, win R%, 1o be
divided among the agents ol €0 An allocation a will bhe a measure,
a C o ROV ArCy o= e that assigns to cach coalition its aggregate bundle.
[[n the finite case 1t is sometimes convenient to use the standard definition

cof allocation as an gk vecetor X (x; ... v, )] Coalitions-are-assumed-to-——

have a preference ordering over possible allocations: we write “coalition
A prefers wro 87 as “u : 4.7 Preferences are inferpreted as “'x 3=, f7
means Ctalmost) all agents i preter o o s‘%’” {see Debreu [4]).

Finally, we denote by R.( \} the ¢ range of v ; R (n) — (e A) 1 AlA) = e},

and by Py the e-preferred mﬂu Pr{fﬂ '''''' (Bl 1 p e o and

»

bt
AlAY —= o). RA vy consists of all aggregate bundles held by coalitions of
size e in the allocation a, and P,(~) consists of all aggregate bundles that
can be distributed among the .w«.mw of a coalition of size e to form a
preferred {partial) allocation,
We can now suceinetly stale The definition of c-fuirness.

2404
g
)

Ui’fli’l't tion.  An allocation x is o-fair 7 Pdx) N Ry(a) = @ for
O=ld =l ), 0 - e o ele,

in of hm words, an allocation o is oL i no coalition of size e prefers
any aggregate bundle of any coalition of the same size or smaller?

Notice that thas definition requires that a c-fair allocation be (weaklv}
Cpareto efficient, since fore = ALCY - | we require that Pya) O R {ax)
so that there 15 po way to rearrange the allocation {o make every agent
better off.

The first question i, of course, when do ofair allocations exist? Since
the concept of c-fuirmess includes the concept of [uirness, every c-fair
allocation must certainly he fuir but ot vice verse. However, we do have

the following.
THEGREN 4 Vo i e ds g comperitive cauilibeivm with initial endowment
Ay = MAYw for all A in ® then « iy e<fair

In ofher words, equal-income competilive cguilibnia are c-farr,
Are there any other e-fair allocations? In general, the answer is “yes™,

(it is casy fo construct examples in the two- person two-good Fdgeworth
box casc. However, iIn an important sense, cqual-income competitive
equilibria are the only co-fair allocatiens for a fair division problem with
many agents,

There are two appreaches to formalizing and demonsirating this

propesition: one is by considering a replicated cconomy in the mannerof

U The definition of c-fafinees s due to Vind [13)
U Phearent 4.1 was stated and proved by Vind in [151 A quite general theorem on the
exinfernce of w copnpetibnvg ecquilibrivem with a coutrniam of agenly gy be Townd o 3L
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Debreu and Scarf [5]; the other is by considering an ceonomy with an
atomless continunm of agents in the manner of Vind H-z‘i‘ 15] We hegin
with the replicated economy.

Suppose that we have only afinite number of ivpes of agents ¢ = I
~Here, by saying-that two-agenis-are of the same type. | only n’:mn ibat they
have the same preferences, We will assume that these prefersnees sre
strongly convex, continuous, and insatiable, as do Debrea and Scard” [5],
Under these assumptions, it s clear i“‘“‘ e-lair aflocotions must have the
eqaal-ireatment property; that is,if ~ s ¢ Yair, then agonts of the sume type
must get the same bundle, {(This i3 m«u‘vcd formally i Loems 2 in the
Cappendix to section 4}, -

Now consider a given allocation v (v, ..., v, 0 which is o-falr, and let
the economy replicate; that is, consider an cconomy with » zpents of cach
type and r umes the original bundie w w be divided wmong them,
{Admittedly this is not quite the fair division problen, sinve the bundle 1o
~ be divided keeps increasing as the economy ~mmum1Muwuzqmﬁw
number of agents keeps growing alse, the probiem i essentinily the same
from the viewpoint of an individaal sgeni)

5
.o
i
i

10 consider their projection into the mi-tvpe space, so L‘lﬁ“&!.i‘ij.’ W W ..sh_ g.ei. 1o
more of them in the replicated ceonomy; the question 1s, wil we get fewar?
The answer-ts-*yes” i fact, we-have the following theorsm,

THEORYM 4.20 ff (xy ... X)) s o-foir for all replic wm Foothen §t iy a
competitive equifibritgn with equal icomes-—thar T wirh ,;;;’r;z;f EHEWINEIT

wy = wim for ioo= Lo, m.

—Anthe dwosperson-two-good -
dn crammatic argument which is presented os Fxample ] {see the
appendix 1o Section 4).

If c-fair allocations are egual-income commetitive sllocations in the
liteit, we would expect that to be the case when we stari o zzi with & con-
tinuum ol agents. As usual, we can also digpense with the assumption of

Convexity o preferences in the continuum cise.
First we note the following,

Tarorem 4.3, I (C. €, Ay iy an atomless economy and o« 3% q o-fair
allocarion, then ~ s atomlers 12

eworih box cnse tnere s oa o simplee o o

“Fhus-we-ondy-need-to-consider wtomiess atlecutions uy candidutes for

c-fair allocations, We now have the fallowing theorem,

1%y

FTheorem 4.3 was stated by Vind in 154
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Tivorem 4.4, Jf (C, %, A) iy an atomiess coononiy, then o s o-fair
fmplies that v iy o competitive eguilibrivim swith {A)Y == AMAY w for all 4 in
P T
(e

The implication of Theorems 4.2 and 4.4 seems to be that, il we wish to

“divide things Duirly among a large number of agents so that the wllocation

is stable with respect to envy among coulitions, then our only choice is an
allocation that 1s o compelitive equilibrivm with equal incomes.

It has been suggested to me that a more general and more symmetric
definition of coalition fairness might be one where each coalition compares

-t “average” bundle to the faverage” bundle of each other coalition® .

this way, each coalition can consider the aggregate bundles of ali other
coalitions, not just coalitions of the sante size or smaller, We can formalize
this notion in the following definition:

Dr:rmnor: An ﬁl‘Eocarion a1s o -farr i Py N f*,.d) Z-\d{ m) = ¢ for
all O < d = | and O - o
ihllb each mf.um}u exanunes the aggregate bundie of fi“-ldl other
coalition, weighting the aggregate bundle by their relative sizes; if any
such wetghted hundle is preferred by the examining coalition, the alloca-
tion cannot be ¢’-lair.
Tt is clear that the notion of ¢'-fairmess implies the notion of c-fairness,

and onc would suspect that it is a strictly stronger notion; that is, that

there are o-fair allocations that are not ¢’~fair, Flowever, that is not the
case.

Tueores 4.5, Lt (C, 4, A) be an atomdless economy; then an alfocation
L ds & <fair i and only if it s e-fair,

APPENDIX TO SECTION 2

The set of feasible allecations will be denoted by

We assume w 7 (L We will assume that each agent 7 has preferences
2=, defined on the commodity space R_Y and that these preferences are

3 Theorem 4.4 is o penerslization of a theorem by Vind in [15], which had required

the additional hypothesis that the dimension of |J 8.0 be k. Since this hypothesis 13
economically mwangless, the present version is a subslanual improvement,
W Andreu Mas-Uoliel and Miclae] Sovven suade this suppestion.
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complete, transitive, and closed, Thus these preferences van be represented
by continuous utility functions u, 1 R.% = R,
Preferences are said to be convex l for x" /&, 10 =, v unpiies

g,

SURRY7 & IS S §f NESS7) B G A £S1 ot § B S N

Preferences are strictly convex iff, in the above case, oy = {1 ol x" ey x
for 0 < a <2 1. Preferences arc monotonic il x + x" and « & implies
X X
Axn allocation x i*; a s:om'pezim“ ey mlibrému with prices poand inidad
cendowment w ] X7 = a0 implies that p-x" opew and g, w0 p oy
fori—1..nmnm

G-t ;\ Ry oo ]: cothe unit simplex.

it S o=y in Sy - O foralid = Lo, n
SI = dxin S iy o 08 the gth side of 87

Tueorem 2.1 If x iy a stronglhe efficient allocation, then there {5 some
agent that envies no one and there is sorue agent gl Be one giries,

_,,,_é!?fagf}”,m,,,,,ﬁu‘ppasa to. the contrary that cach agernt envies some other

agent. Then, since there are only a finite number of agents, there is some
cycle (7 ..., 7,) such that 7, envies i, envies - envies 4, cuvies £; . Thep the
allocation x’ where cach agent in the cvcle receives the bundle of the agent
he envies and agents outside the ¢y k remuin the saime is feasible and
dominates the original allocation v This conuadicts the fact that x s
The proof of the second assertion is similar,  §
THEOREM 2.2, Suppose that preferences are monpalonic. Then 17 (x, p) i
a competitive equilibrium with p - x; <= p - x; forafl fapd §, x is fair.

there is some alloeation y such that v, =, x; for 7 = 1. and, for some
235 s x; . We can choose y so that it {‘lf s mm‘fl} Heient.

For emh J that strictly prefers v, to xy we have p ooy 2o p . €’f*;rssisiet
some agent § that 13 indilerent between x, and y, . i any such agents exist,
If p v <2 p - xy, the agent could afiord Lo buy a mghu, more up@ﬂsi%

“buridle; and by monotonicity he could find & bundie strictly better than x, .
contradicting the fact that x, is a competitive equilibrinm. 11

642/0/1-6

—Proof-Fist-we will show that x is strong by ellicient. Agsame not; then
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50 (hat

;L Py

Smcee preferences are monolonic,

Avag = [SvE Koot

but this gives us

This is a conbradiction, so 1t must be that x is strongly efficient,—

To show that x 1y also eguitable, we suppose that agent 7 envies
agent j:x; -, x;. Then by definition of competitive equilibrium,
Poox; <l poox o p ooy, which is a contradiction. §

THEOREM 2.3, 4/ preferencey are convex and moneofonic, then fuir
alfocations exist.

Lroof.  Let the initial allocation w be defined by w; == w/a. Under the
assumptions of the theorem. standard existence proofs show that a
competitive equilibrium {x, p) will exist. be in P8, and prx;, = p - x5 =
p o Awin). By Theorem 2.2 this will be fair. J

Turorey 2.4, Suppose that every agent prefers any nonzero bundle to
the zero bundle: then W(PW 1Y is homeomorphic to the interior of an {n — 1)-
dimensional simplex. Favthermwre, 1f there are no bvo allocations in PW
that @ff agents recard ws indifferent, then PW iy itself homeomorphic to the

interiorof an (v Vp-dimensional simplex. e

Proof, We will. without loss of generahty, normalize the utility
functions so that «() 0 and wdw 'y - - 1. The proof procedes in a
number of steps,

CoSrEe L W ds Jeasible, xy == 0 Tor any foand - yeis-not-in-PWi-then oo

there exists 2 feasible alocation ¢ and a real number £ 2= 1 such that
ulz;) = nelxy Yor alb o — 1.,

Proof. If v s not in PW, then there cxists some feasible » such that
i v u(x) - 1 for i - L., s Tet 1= min, wl 3)/ux). The functions

A {004 = R delined by Fle) o uder)iudx) are. continuous; by Ee o e

Fi0) == 0«7+, Therefore, by the intermediate value theorem, there is a set
of e, such that fife} — ¢; the allocation defined by z; == ;'3 Is fesiable and
satizfics the above veguircments.
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Step 20 Let p o w(PWL) -t S0 he defined by pluy == 03w, . The

function p is certainly continuous on w(PW ), sinee the denominator cannot
vanish, Farthermore, I claim it is one to one on w(I"W_ 3,

Proof. . Assumie not; then there exists w, o in wPW Y sucly that

i

frm e L
/ T - - B Wl
g Youp et i voeoozmint S% 4

Therefore the w and v are scalar multiples of each other with 1o zero co-
otdinates, so that onc is strictly greuter than the other, which contradicts

the fact that both are in u(PW.,).

Svep 3. The st 70y -« {in Ryopy ds in X)) containg a nonzero
clement for each p in S»—%,

~Proof-The-set-of functions ¢, 1 [0, 1]~ R-defined by
g - e (win)

are continuous, gJdl) = 1, 2,0} = Applying lhe intermediaw valoe
theorem again, we find that for v in h"’ there exists ¢ I 10, 1] sueh that

1

ude,/ (wir)y = v; and the aﬂwmizmw o {win fo‘ i1 e i certainly
feasible. Therefore 1 is in 27 v).

Ster 4. The function p @ w{PW 3 -+ int $77 is onto.

Proaf.  Given p ininb $71, the set 7 ry defiied shove i campact and

-Mfﬂwnem{é‘t~¥».w.l»~h®l1“«“&14,-@;@«»,.x{»stwv«()m7'—,4‘ =the maxiim ¢ such that ris o o

T{ y). Suppose that 'y is not in w(PW g’fJ: ‘rh by Step 1 othere s some ¢
such that 7'y is in w(X). But then 1"t 1. which contradicts the maxi-
mality of ¢/,

STrr 5, ptis continuous on int $v7

Proof. Tet K be an arbitrary closed set in ¢fPW_ 5. Then & i3 com m?c,t

sinee 1t 18 a subset of & compact sot —namely, «PW)Y For 57 to be cone
tinnous, we need { p~)~t (&) fo be closed, Since p 15 one to one aad onio,
this set i3 just p( K}, which is clased by compaciness of A,

Stip 6, pisa homeomorphism between i PW ) and int 503,

Preaf. It is one to one, continuous, and onto. Furthermore, if i.hfﬂs*i:
are no two allocations x and y in PW. such thuot .uy g ! '
i= L..,n the map u restricted o PW o witl be one ‘o
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continuous and onto, so composing it with p will give us 2 homeomorphism
between PW . and inf S&1.

Cororrawy,  If preferences are sirongly monotonic and strictly convex,
then-PS == PW and both are homeomorphic to-an {(n—1-dimensional—
simiplex,

Proof.  That PW contains PS is ohvious. We will show that PS contains
PW. Suppose the allocation x is not in PS; then there is some allocation y
such that w(¥;) = wd{x) for all i, and w( ;) == wdx,) for some /. By con-
dinuity we can remove a positive fraction 1 — 2 of all commeoedities from ..
¥y and still have w01 > wyfx;), Then define an allocation z by z; = f,?pj .
zp o= yp e (L e D)yl — 1) for @ = 1., 0, 0 7 4 The allocation z has
the property that wdz;) = wi{x) forall 7 == 1,,., #, so that x s not in PW.
We now need 1o show thal there are no two allocations in PW which all
agents regard as indifferent. Suppose that x and y arc two such allocations;
Cthen dx <-4y is Teasible, ot least as good for all agents; and strietly
preferred to both x and v by agents for whom x, + vy, , which contradicts
the efliciency of x and .
The lact that the homeomorphism p s one to one and onto on the
boundary of PW can he verilied from the fact that PS = PW and the steps
~of the theorem. ||

TuroreM 2.5, I preferences are monotonic and there aqre no two
aflocations in "W which all agents regard as indiffevent, then fair allocations
exist.

Proof. By the remarks in Step 6 of Theorem 2.4, we see that v is a

- homeomorphism between PW_and «(PW ). In Theorem 2.6 we see that

the intersection of the (M,)'s is nonempty, and thus the intersection of
the M;'s 1s nonempty. Any allocation in this intersection is lair.  J

Limma {Kinaster, Kuratowski, and Mazurkiewiez).  Let My ..., M, be
a family of closed subsers of SV with the property that the jth face of S*74
is comained in M, | and thar 8™V iy contained n the union of the M; . Then
the intersection of the M, is nowempiy.

Proof.  See Scarf [1G, p. 681 |

TueoreM 2.6, {f preferences gre moneionic, then fair sets exist.
~ Proof. Define the set of allocations where no agent envies agent
Jo M —{xin P8 dx)) &owgdx) for all == 1, 1}, Then the union of
these sets for j = 1,..., # coyers PS by Theorom 2.1, and by the Corollary
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to Theorem 2.4 PW = PS, Since the functions u, are continuous, M, 1s
closed, and, since any bundle is preferred to the vero bundle, M; containg
all allocations in PS where x; == 0.

Now lake the image of these sels M, undet the map pu P“l R

~defined-by-pu(x) == (uilxg) (e ) )y The sets pulM, ), 7 o== 1.0,

¥

satisfy the hypotheses of the Ic:mmgl of Knaster, Kirat ,uwskl, and
Mazurkiewicz, o that their intersection is nonempty. '
Let z be in this intersection; thuz z e O singe, if 7, == (O for some §, there
would be some j such that z; = 0 and therefore p='(3) would not be in
u(M;). Since the points where h = 0 form the interfor of $%7% p s &

humwmmpb{‘%m on such points. so that the intersection of the u( M) is
nonempty for j == 1,.., n. Let v be in this intersection and consider the set
y~ie), which | claim is a faiv set, £

This is true because

() udx) =uy)forall x,pin b i =1 0 N
(i)  Supposc that w,(x;) = w,0x), so that v 13 nod in M, for some x in
F o= (), But o is in 0{M;), so there must be some other &l!“:rcatiem ¥ in
wHey that is in A, which means w0, o= wd v for - 1. 1 and

udyg =wixdfori=1,..,n §

- TunoreM 2.7, If the preferences of ageny | are identical wich those of i
and both are strictfy convex, then, if x is a fair allocation, x| = x; .
I’mnf‘ Assume that  x; 4 x;. and  cor hifh’:i' the allocation
{12y x; = (1/2) xy . Since x s falr and { and [/ have the same pres
1efemm‘ Xy e X, and ¥y~ w0y, so that £ 5, xoand =

2 1o both 7 and Jis feasible, this contradicts strong efliciency,  §

Treorem 2.8, If any bundie is preferved 1o the zero bundle and all
agents have identical pi‘?fm ences, then weakly fair alfvcarions exlist,

- Proof. TFan allocation 1s {o be fair in {hese circumstances, it must give 7

&
cqual utility to cach agent and also be weakly eflicient. 1 ot ptz be the miap
defined in Theorem 2.4, Step 2 then (puy=t (Iin,.... 1) is & wct of weakly
efficient allocations with equal utilities. §

IPE-TY

Examrrn-2:5 - Monotonicity - does not- imply the exisience-of fawr

allocations, (However, the allocations x and y form a fair set)
To see that there are no fair allocations in Fig. I, imagine @ pomt such

Ay

4% Xg or ¥y thal moves along one of the componsnts of PS0AS Xy moves

. Sigee giving
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FIGURE ).

~along the left component, #s swap v, always lies on a higher indifference

corve than does x, . showing that x, cannol be fair, The point p, behaves
similarly,

APPENDEY To SBCTION 3

ToeoreMm 3.1, If the Independence Asswmption is satisfied and if
(x, 1 — g} &s a strongly efficient aflocation, then there &y some agent that
envies® no one, and some agent that ne one envies™,

Progf.  The proof is similar to the proof of Theorem 2.1. Suppose that

“each agent envies* some other agent. Since there are only a finite number
of agents, there must be some cyele. Performing the “swap™ among the
agents in the cycle is feasible because ol the definition of envy* and the
Independence Assumption; the resnlting allocation dominates the original
one, contradicting efficiency. [

Tueowem 3.2, Let X be regular, el preferences be monolonte, and
suppose that there are o iwo alfocations i PW which all agents regard as
indifferent. Then fuir™ allocations exist.

Proof. The proof is simlar to those of lTheorems 2.5 and 2.6, The

- ~lirst-hypotheses allow the proof of 'Theosem 2.4 to work in this-case; which———- oo

makes the efficient st homeomorphic o a sumplex, Since Theorem 4.1
provides the analog to Theorem 2.1, the application of the Kuaster—
Kuratowski-Mazurkiewicz Lenuna can procede as before,  §
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THEOREM 4.3, Suppose that preferences ave comvex and monotonic;

~theny-if we choose an initial endowment where each agem gets win of the

consumpltion goods and one unit of lis own leisure, the resulting competitive
equilibriien is fair™,

Progf. The assumplions imply the existence of a competitive equili-
brivm with prices p and wages ». We can normalize the wage of labor with

- ability -of unity-to-have ry == 1; since in the competitive cquilibrinwm all . .

wages will be proportional to ability in this casc, the normalization will
make 7, = @, for i = 1,..., n. Bv thc defi mnon of cm*'spmtarwc aw::in1;111:::3:11131:&w
W&h{%v& R AR £ L i o e

(p. rz.J (s i) == wjz;r =,y

or, by reswvriting,

Lt

PoXe — @y P win for i=1,.,m

- It ds-clear that (x, 1 — ¢) is eflicient; assume then that some agent §
envies¥ some agent 7. Then

&‘;ulf‘fh)“n ,Y(i; [ _(ﬂ‘gf.@s:‘ 1 ‘} e

which implies

-—_,'

%x

Bxpanding and substituting, we get
p . H’”fﬂ - !} ﬁxi ”"'ifszr’a ‘5,".: f” . .?‘53‘ o f?jij‘!’?*?? p “ 1-’?5‘{?’:1”' B PPN

which gives us the contradiction. ﬂ

~ be feasible for agent 1;

Exavrere 3.1, The fG” wmg r.ﬂunomw Ems 11O !w ‘tltuuimm:

| m,mm + (1 — g0,
s 4_‘,\.2 “‘T“ {1 - (]3}?

Fe X =g+ (10 g, Tor 0sig 1,0

Prwjl ;
_{a) In any efficient allocation we must have i

(Y ¢, = 1, since I g, ‘vere strictly less than 1 we would have
iy(xy - (1 — gy), Gy str l(,ﬂjf gredter than za,{ ¥y, g and that bundle would

’

iy ¢, =0, sioce if g, were striclly greater than 0 we would

have mf X g f 10, o= M hfﬁf’*f’;‘u greaier. Ahan.. il Xy ;}‘% bandthat

bundls would be ieaSI ble for agent 2 for small enough e

N
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by If ;rg == () we would have

%(*’3*1 sy =2 ] == l*‘z(%a é‘b);

~ which is certainly not fair,

(c)y We are left wlm,h the sase where ihe cﬂlOCﬁﬂE}n is of th: form
(xl s 1) (xg, G}) mth 2 r Xy = 1 For an allocation of this form to be

(% 5 gu) 2 Xy, ‘?2};

(Hﬁ{)}g@ > 1 10) g =15 :
and ‘
thxg, qz) 2 Ul Xy 5 1)y

2, 1 = NAI .

But these twv mequahms along wzth the c:quahty Xy A+ Xy = 1 imply

that 3/4 = X, 2 21/22, which is a contradiction. §~

APPENDIX 1O SECTION 4
| Deﬁmtra}zs

An ailoaatmn o is in thu ( c,qa.m} dwmmm core 1f]” thare 1{5 no aiiacamon ,ﬁ

and coalition 8 such that 8 - o and 8(B) — MB) w for XB) = . .
AR &ll(-)bfiil@ﬂ~~éhv»m&,»-wﬂf~i,{ﬂnpIA\I}L]-VL»~-@Q1;L¥;l]/l»mf-ﬁ;llfll-~fﬂ?ﬂﬁ: -~L{u@»«-——-—J&EA}«W-wi—fﬁww--j—-éww/~l--

there exists a pr’cx‘: vector p in R¥ such thatp - «{4) == p < i{4) for all 4 in

%‘ and p - x = p o i{A) for @) x in Plw), 4 in € such thai; AMd) ==e >0
S Arcoslition A is an atem forw measure p i u(A) > 0 and BC Aimplies
i‘hat e BY == p{A) o1 p(B) == Q.

CAssumptiois on Preferendes
2

(a} Inthe rep nahon Case we ma,ka iihe aasumptmns of Debreu amx:i

thut Searl {5 namely; S ,
) Insatiability. Given a eammoﬂit}?, bundle x, we assume
there is & commeodity bundle x" such that x" >, x

(ii} S&‘mwg convextly, Let x' and x be axbﬁma:y commaodity
bundles, X 7 x, x' >, x, and let 0 < a < 1, We assume that

ax +{l —a@)x" > 3

(). Continuity, X%Léwamv‘ihat {A x Zpxthand {xrxt Ze

are closed.



