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Ex-ante contracting?

Proposition

When principal does not observe 0 but can offer contract ex-ante, the FB
allocation can be implemented.

Returning to the basic model, let

@ the cost of production function be C(q,0) = g + F, where
0 € {01,...,0,}, where 6 < ... < O, and Pr(6 = ;) = v;.

@ 0e {91,92} and Pr(9:91) = .

@ The benefit function for principal be V(q), where V'(q) > 0 and
V(q) <O0.
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Under ex-post contracting, a menu of contracts {(qg1, t1), (ge, &)} is incentive
compatible and feasible if

U=t-0igy > 0
U2 = t2 — 0202 Z O
and
h—01q1 > b—01Q
b—0q > t—0q,ie.,
U > U+ A0ge (0.1)
U > U — Abgy (0.2)
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Under ex-ante contracting, a menu of contracts {(q1, Ui), (g, U>)} is
incentive compatible and feasible if it satisfies (0.1) and (0.2) and is such that
vUi+(1—-v)U2>0 (0.3)

That is, at the time of signing of the contract, the agent should get
non-negative utility from it.

Example

Example 1: Consider {(q;, U;), (g5, U5)}, where Uy = (1 — v)Afq; and
U = —vAbg;
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Example
Example 2: Let

W* =v(V(q7) — b1a7) + (1 — v)(V(qz) — 0203).
Consider the contract {(q;, t7), (g3, &)}, where
tr = V(g) - W

and

= V(g) - W
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Exercise

@ Show that both of the above contracts satisfy (0.1) — (0.2) and
implement the FB. Check whether (0.3) binds for both.

@ Find out the rent enjoyed by the principal under the above contracts.
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Assume the agent is risk-averse. Now, an incentive feasible contract will
satisfy

vu(Uy) + (1 —v)u(U:) >0 (0.4)
and the following ICs:
u(th) = u(Uz+ Abge)
u(Us) > u(Uy — Abqy),i.e.,

The ICs can be written as

U > U+ Abg (0.5)
U > Ui — Abg (0.6)

Now the principal’s optimization problem can be rewritten as

max  {v(V(qi) = 01q1 — Us) + (1 = v)(V(qe) — 6202 — Uz)}
(U17q1)7(U2’q2)
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s.t., (0.4) and (0.5) as constraints. The Lagrangian

L(Uy, Uz2,91,92, M\, 1) = v(V(q1) —61g1 — Uy) + (1 = v)(V(qe) — 0202 — Uz)
+ AUs — Up — AOGp) + p(wu(Us) + (1 — v)u(Us))

foc w.r.t. to U; and U are

— v A+l (UPB)) =
—(1=v)=A+p(1 =)' (UB) = 0 (0.8)

(0.7) and (0.8) give

o
_
o
N
N

ulvd (UFP)) + (1 = v)u' (USP))] = 1 (0.9)

i.e., u > 0. Note from (0.4) and (0.5), when g5% > 0, Us? < 0 < U?. Now,
(0.7) and (0.9) give us
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R A )

(U (1 ) (U5P)

That is, both (0.4) and (0.5) bind.
The foc w.r.t. to g; and g, are

V(@) = o
V(U (USB) -

u'(UPP))

> 0.

V4 SB — 0
@) = Rt oy (-
A
1( ~SB _

Thatis, g72 = g; and g5° < g5 < q;.
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Question

@ What does the FB require in this context, in terms of production levels
and the risk-sharing?

@ s the contract offered by the Principal efficient on either of the above
counts?

Example
Suppose agent has CARA preference, represented by the following utility

function ] o ]
J— e_
)= = (1)

Now, the foc (0.11) will become

v 1

V'(G5°) = 02 + ——A0(1 —
(q2 ) 2+ ( V—l—(1 _V)eerqsz)

1—-v

(0.12)
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That is, the level of 52 depends on r. Moreover, it can be seen that
USB = N0gSB + 1? In(1 — v+ ve "29%") > 0 (0.13)

]
US® = ~In(1 — v + ve "A%%) < o (0.14)

Exercise

Find out
lim qZSB, & lim U1SB, & lim U1SB
r—oo r—o0

r—o0
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Remark
@ In presence of Risk-neutrality (0.12) implies V'(g5?) = 6., i.e., as before,
a® = a.
@ From (0.12), infinite risk-aversion implies g5 solves

14
V/(g58) = 62 + T A0

@ Therefore, ex-post contracting is equivalent to Ex-ante contracting with
infinitely risk-averse agents

@ In presence of Risk-aversion there is trade off b/w allocative efficiency
(which demands wedge b/w U; and U>) and efficient insurance (which
demands equality of U; and Us).
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