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Individual UMP: Some Features |

Notations:
@ p = (p1,..., pm) is a M-component vector in RM.
@ Ifp=(p1,....pm) €RM  thenp; >0forallj=1,..,M,ie,
(p1, .., Pm) > (0, ..., 0).

@ Ifp=(p1,....pm) € RY then p; > 0forall j € {1,...,M} and p; > O for
somej e {1,..,M},ie,

(P1, ... pm) = (0, ...,0) and (p, ..., pu) # (O, ..., 0).

@ Letx = (x,...,xu) and X’ = (x{, ..., xy). If X' > x, then x; > x; for all
j€{1,...,M} and x; > x; for some j € {1,..., M}.

@ Letx = (x1,...,xm) and X’ = (x1, ..., xy,). If X’ > x, then x; > x; for all
je{tl,.., M}
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I
Individual UMP: Some Features |l

Take a price vector p = (p1, ..., pu) € RM, . Thatiis, (ps, ..., pu) > (O, ..., 0).
The consumer i’'s OP (UMP) is to solves:

maxu'(x) st px<p.e
XERY

Definition

u' is strongly increasing if for any two bundles x and x’

X >x=ux)>u(x).

Assumption

For all i € I, u' is continuous, strongly increasing, and strictly quasi-concave
on RY
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I
Individual UMP: Some Features ||

In view of monotonicity, for given p = (px, ..., pu) >> (0, ..., 0), consumer i
solves:

maxu'(x) st px=p.e (1)
x€RM
Theorem

Under the above assumptions on uf(.), for every (p1, ..., pm) > (0, ...,0), (1)
has a unique solution, say x'(p, p.e').

Note:

@ Existence follows from Monotonicity and finiteness of the Budget set

@ Uniqueness follows from ‘strictly quasi-concave’
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I
Individual UMP: Some Features IV

Note:

@ x/(p,p.e') is the (Marshallian) Demand Function for individual /.

@ Foreachi=1,...N,

X (p,p.e):RY, — RY;

X'(p.p-e') = (x{(p,p-€'), ... X/(p,p-€"), ..., Xis(P, p.€")).

@ In general, demand for jth good depends on price of kth good,
k=1,..M
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I
Individual UMP: Some Features V

Theorem
Under the above assumptions on u'(.), for every (p1, ..., pu) > (O, ...,0),
@ x/(p,p-€) is continuous in p over RM_ .
@ Foralli=1,2,...,N, we have: x'(tp) = x'(p), for all t > 0. That is,
demand of each good j by individual i satisfies the following property:

x/(tp) = x/(p) for all t > 0.

Question
Given that u'(.) is strongly increasing,

@ isx/(p) continuous over RM?

@ s the demand function xj" (p) defined at p; = 0?

Is a Cobb-Douglas utility function strongly increasing over RY?
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Excess Demand Function |

Definition
The excess demand for jth good by the ith individual is give by:
Zj(p) = x/(p,p-¢') — €.
The aggregate excess demand for jth good is give by:
N N
zi(p) =) x(p.pe)-> €.
i=1 i=1

So, Aggregate Excess Demand Function is a vector-valued function:

Z(p) = (Z1(p), ""Z/'(p)v ---’ZM(p))a
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Excess Demand Function I

Theorem

Under the above assumptions on u'(.), for any p >> 0,

@ z(.) is continuous in p
@ z(tp) = z(p), forallt > 0
@ p.z(p) = 0. (the Walras’ Law)

For any given price vector p, the individual UMP gives us

p.x'(p,p.e’) —p.e
> pix(p.pe)—> pel
j=1 j=1

> pilx(p.pe’) - ]
j=1
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]
Excess Demand Function Il
This gives:

> pilx(p.pe) - €]

i=1 j=1

M N ' . .
S S pilxi(p.pe)-€ll = 0,ie,

j=1 i=1

I
<
o

That is,

M
> pzp) = O ie,
j=1

pz(p) = O
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Excess Demand Function [V
So,

P121(P) + P222(P) + .- + Pj-1Zj-1(P) + Pj+1Zj+1(P) + +PmzZm(P) = —P;Zi(P)
For a price vector p >> 0,

@ if zx(p) = O for all k # j, then z;(p) =0
@ For two goods case
° piz1(p) + p=2z2(p) = 0., i.e.,
p1z1(P) = —p222(P).
e Therefore,
z1(p) =0 = 2z(p)=0
zi(p) >0 = 2z(p)<0O.
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Walrasian Equilibrium |

Definition
Walrasian Equilibrium Price: A price vector p* is equilibrium price vector, if for
allj=1,...,J,

Two goods: food and cloth
Let (pr, pc) be the price vector. Since, we know that for all ¢ > 0:

z(tp) = z(p)
Therefore, we can work with p = (££,1) = (p, 1).
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Walrasian Equilibrium I

From Walras’s law, we have psz:(p) + pcz:(p) =0, i.e.,

pzi(P) + z¢(p) = 0.
Let:
@ z(p) is continuous for all p >> 0, i.e., for all p > 0.
Note
@ When utility function is monotonic, x¢(p) will explode as ps = p — 0.
@ Therefore, there exists small p=¢ > 0s.t. z(p,1) >> 0.

@ Also, there exists another p’ > 1 s.t. z(p’,1) << 0 (Why?).

€
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