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H<1111 ul.lil11 f1 11,'i i11t.llil,iv1 .ly f1111d11.111 i1il,1d <!. Ill' fl,'>mt:i ; Livi: prop,· rl,y of fu ldit.io11 
11,pp li11d Lo I.Ii· , f' t·ir H ,, 1 ( 1)''. ' 011p i11 M t,li c t,r r1,1 :-l one Wf1,y ivrfi 

(- 1 I 1) I (- 1-'l 1) I· (- ( I I I ) I · · · = 0 I O ·I O I O I· · , · = 0, 

- 1 I ( 1 - 1)+(1 -'1) -'i ( J - 1) I ··· =- I 1· 0 +0 + 0 + 0 + ·· · =- L. 

_,.,, 

Mn 11 ip11 .. 1 11 :c; t.l lf\l. Fu·r. I p; il.i111 f1.l.o in fi11il.o RO l.l.in p;R do n I. 

inrin ' , ' sc·l.l.in1 H. I rt.i din p; wh en I.h ey lo At1d why l.hry d 
· , 11.rnl 1. 1ten1cs o r 1w nlyR is. 

2.2 Th Limit of 

a l w11,yR oxt.ond I. 

Ml. is 0 11e r I.h e 

/'111 1111 d rsL11.ndin g f in fin it , -ri s dcp n I:,; h av ily on a clear und rs t c1.ndin g r 
Lh Lh oryo f' s qun c .Jnfact, rnostofth onc -pts in ana lys i anb - r -du d 
L sLat. rn 11ls abou t th b havior o r s qucnc s. 'l'hus , we will sp nd a s ignifi cant 
arno 1111L o r tirn inv st iga.tin g s qu nccs b fo r takin g on infinite seri s. 

D e finition 2.2.1. A sequence is a fun ction wh ose domain is N . 

This forma l definition leads immed iat ly to the fam ilia r depiction of a se
qu 11ce as an ordered list of real numbers. Given a fun ction f : N - • R , f (n) is 
jus t the nth term on the list. The nota tion for sequences reinforces this fam ilia r 
u11den; ta11ding. 

Example 2.2.2. Each of the following are common ways to describe a sequence. 

(i) (1,!,!,t,·"), 

(ii) (1..±!!)oo - (.L:l .1 ... ) n n=l - L 1 2, 3, , 

(iii) (an), where an= 2" for each n E N, 

(iv) (xn), where X1 = 2 and Xn+l = x "2+
1

. 

On occasion, it will be more convenient to index a sequeuce beginniug with 
n = 0 or n = no for some natural number no different from 1. These rniuor 
variations should cause 110 confusion. What is essential is that a sequence be a11 
infinite list of real numbers. What happens at the beginning of such a list is of 
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w(' 11 0\V J)l'('li(' II I wl11 I, iH lll't illlbly (,I, ' Ill st illliJOl' Lf\11!. dl'fi 11i Lioll ill U1 b le . 

111 c'11 · (r,,,) ·onv 1:g . 
xis t.s a ll N N such 

To ill Ii ·aLo t. li aL (tt 11 ) co 11 v r · •:; Lo a, w, wri te iLli ' I' lill1 cir, - tt or (ri,.) -+ a. 

In 11,11 ofl'orl. Lo lnc:ipli or I.his comp li c:nt.orl dofin it.ion, it, hr lps firs t. l.o consider 
I.ho 011di11g pli rn;;o "la.,. al < 1

11 A.nd 1.hink abo11t. I.ho poi11t.i:; 1. li ,il. s1tl. is ly an 
in qnnlil.y o f' 1,liis Lyp . 

-flu it i 11 2 .2.4 . 1v 11 a r a l 11 u111ber a E R and a pos it.iv 11u111b r > 0, 
Lli :; I, 

V, (a) = {x E R: Ix - a.\ < ·} 

is m llorl !.h r. -neighhorhonri of a,, 

Not. ice t. 1111!. V,(n) consisl.s o f' a ll o f' I.h ose poin l.s wh sc d is t.a n · f'ro111 a is les · 
Lli an c. a id a.not.li er way, V. (a) i · a ll interval, centered a.L a, with ra. lius €. 

V, (u) 
,..-"--.., 

a - c a a-t-E 

Recast ing t he defini t ion of convergence in terms of €-neighborhoods gives a 
more georneLri c impression of what is being described. 

D e finition 2.2.3B (Convergence of a Seque nce : Topological Version). 
A seq11 enc:e (an) converge: to 11, if, given any €-neighborhood V, (<L ) of u., there 
exists a po int in l:he sequence aft er which all of the terms arc in 11, (u.). In other 
words, every €-neighborhood contains all but a finite number of the terms of 
( O.n), 

V,(a) 

~ 
U! U2 U3 t 
• • • • • •( •• ••i-•. 

a-< a a+• 

Definition 2.2 .3 and Definition 2.2.3B say precisely the same thing; the nat
ural number N in the original version of the definition is t he point where the 
sequence (an) enters 11.:(a), never to leave. It should be apparent that the value 
of N depend:, on the clw'ice of E. The smaller t he €-neighborhood, the larger N 
may have to be. 
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Example 2.2.5. Consider the secp1ence (nn), where an = 1/ ,/ii.. 
Our intu it ive understanding of limits points confidently to t he conclu:; io11 

t hat 

lim(~) = 0. 

Before try ing to prove this not too impressive fact , let's first exp lore the rela
tionship between E and N in the definition of convergence. For t he moment, ta.kc 
E to be 1/ 10. This defines a sort of "target zone" for the terms in t he sequence. 
By cla iming that the limit of (an) is 0, we are saying that the terms in t his 
sequence eventually get arbitrar ily close to 0. How close? Wh at do we mean 
by "eventually"? We have set E = l/10 as our standard fo r closeness , which 
leads to t he 1:-neighborhood (- 1/10, 1/10) centered a round the li mit 0. How 
far out into the sequence must we look before the terms fa ll in to t his in terva l? 
The 100th term a100 = 1/10 puts us right 0 11 t he boundary, and a lit.tie thought 
reveals t hat 

if n > 100, then an E ( - / 0 , /
0

) . 

Thus, for E = 1/10 we choose N = 101 (or anything larger) as our response. 
Now, Ollr choice off. = 1/10 wRs rn.thcr whimsicfl.!, fl.nd we Cfl.n do this agfl.in, 

let.ting r: = 1/50. In th is cfl.Se, ollr tR.rgct neighborhood shr inks to (- 1/50, 1/50), 
fl.n d it is fl.p parent t,hfl. t. we rnllst. travel farther 0 111: int.o the secp1ence before an 
fa lls int.o this intervfl.1. How far? Essentially, we req llire that 

1 1 
- < vn 50 

which occnrs as long as 2 n > 50 = 2500. 

Thlls, N = 2501 is a Slli tfl.blc response to the chfl.llenge of E = 1/50. 
It may seem as t hough this duel could cont ii1uc fo rever , with different E 

challenges bciug lianded to us one after another, ea.ch 011c requir ing a sui ta.h le 
value of N in rcspon:;e. In a sense, t his is correct, except that t he game is 
effectively over t he instant we recognize a rnle for how to choose N given a11 
arb'ilrnry E > 0. For this problem , the desired algorithm is implicit i11 the algebra 
carried out to compute t l1e previou:; respo11se of N = 2501. Whatever c happens 
to he, we want 

1 - < E which is equivalent to insisting t hat vn 
1 

n > 2 · 
(: 

W ith this observation, we are ready to write the formal argument . 

We claim that 

Proof. Let r: > 0 be fl.n arhitrary positive number . Choose a natural numher N 
satisfying 
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Wo 11nw vc•r il'y t.11 ,tt. I.his c: hnir-o of N 1111,~ I.Im dc,H irorl pmpc•1·t.y. Let. 11. ~ N. TIH111 , 

I 
1L > 2 

Qu· nLifi r 

i1 n1 Ii s 
] 

- < 
.fii 

11.11 I hc11 c:c: In,, - OI < . 

D 

The rlcfi11it.io11 or co 11 vcrgc11 cc riven cali r r is t.he re·. nit. or h1111rl reds r years or 
refinin g I.h e inl. 11 it. ive not.ion of limil. inl.o ;t mat.h .nw.t.i cA.lly rigoro 11s s t. a t.ement. . 
The log ir: i11volved is co rnpli c11. t. d and is int.im A.t, .l.Y t,icrl t.o I.h r nsc or I.Im q 11 an
t.ifi .rs "for 11.ll " ;t11 d "t.h t' r . xis t.s. " Le,,rni11g t. writ.c ft grn.mm,1.t.i c11. lly co rrec l. 
convc rgc• 11 cc proof" oes lrn.nd in hand wit.h a rl .cp 1111rlcrsl.a11di11g of why t.he 
q11 anl.ifi crs appca,r in t,he order t,lrnt. I.h ey do. 

'l'hc d fi11it. i n begins with t,he phrnsc, 

"For all c, th.em exis ts N E N s 11 h t. hA.t ... " 

l ,ook i11 g ba ·k a l our fi n;l exa111µl e, we :;ee lh al our f"on11 ctl proo f" beg ins wit h, "Let 
> 0 b · a11 arbilrary µosilive 11U1 nber. " T hii:; is fo llowed by a w 11 st ruct io11 or N 

1;1.11d t h •11 a de111011slrat io11 lh at t his choic or N h1;1s Lh ' d •:; ired property. T hi:;, 
111 fa ·l, i · a. b1c11;; i · out line f"or how every ·011v rg 11 ·e proof" :; hould be µr esented. 

TEMPLATE POR A PROOF Tll/\'l' (xn) - • x : 

- "Let. t > 0 be arbi t r 11,ry." 

Demonstrate a choice for N E N . T his step usua lly requires the most 
work, a lmost a ll of which is clone prior to actually wr iting the formal 
proof. 

- Now, show that N act ually works . 

- "Assume n 2'. N." 

- W it h N well chosen, it should be possib le to deri ve t he inequality 
lxn - xi < E. 

Example 2.2.6. Show 

li m (n: 1 ) = 1. 

As mentioned, before attempting a fonnal proof, we first need to do some 
preliminary scratch work. In the first example, we experimented by assigniug 
specific values to E (aud it is not a bad idea to do t his again), but let us skip 
straight to the algebraic punch lillc. The last line of our proof should be t hat 
for suitably large values of n, 

I
n + 1 I --- 1 <c 

n 
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Llii i:; ii:; 1•q1ii v11l ·JlL (,o Lhl· li11 ·< 111 11 llt.y 1 /n t 1H' n > 1 /t. ' l'hwi , t huoi:l tll / ' Lt h\' 
11,11 in!, µ, 1· 11,1· 'ril,01· t,h1,11 I / 1 wi ll :111fll ec. 

Wit,h I.It w rl o f' t. lH prno f' done, a ll t.h nt. r ma ins i. l11 0 f'o n1 11!.I writ.1 up . 

/ Jl'()of. I , •t. , > ll J, l' 11.rl>ii,1·11.ry. C horn;c N N wit. Ii N > I/,. 'J'o v •ri ly i.11 1Lt, 
(,Iii ::; ·lt o icc o f' N ii; ipproprl11 o, I ·t. 11 N iml ii, fy 11. > N . '1'11 •11 1 11. > N it11pli •:,; 
11. > I /1, whi (;lt i:; t.hl' . 1L111 1• 11 :;11y i11 t; I /11. < ,. Fitmlly, t. li h; 1110,w:; 

I 
IL I I I --- 1 < •, 

'II, 

as cl sir d. 0 

i nifi cant i11: i ht. in t, I. he role of I.he qua nt ifi ers in th I fin iLio11 of' co 11 vor 11 c · 
·an be g1J. i11 cl by s t.11dyi11 g n11 •xn.111p lc of' as q 11 n c t. hr, t. d cs 11 0 1. h1w1: 1t li11ii t.. 

Exampl 2.2. 7. o n. id •r Lit ::; q 11 n 

How can w a rgue Lh a t, Lhis s qucnce do s not converge Lo zero? L ki ng nL t he 
first few terms, it . ec n1s t.h iniLi a l vidence nctua lly suppor ts s uch a on !11s i n , 
G iven a cha ll enge o r <: = 1/2, n li tt le reflect ion reveals t ha t a ft r N = 3 a.II t.h 
terms fa ll in to t he n ighb rh o d ( - 1/2, 1/2) , W cou ld a lso hand! = 1 /4. . 
(Wh a t is the small est possible N in th is case?) 

But t h defini t ion o r conv rgence says "For all t > 0 ... ," and it s hould be 
apparen t that there is no res ponse to a choice of t = 1/10, for instance . This 
leads us to an impor tant obs · rvat ion about the logical negation of the defi nition 
of convergence of a sequence. To prove that a particu lar number x is nol t he 
limit o f a sequence (x.,.), we must produce a single value·of t for which no N E N 
works . More generally speaking, the negation of a statement that begins "For 
all P, there exists Q ... " is the statement, "For at least one P, no Q is possible ... " 
For instance, how cou ld we disprove the spurious claim that "At every co llege 
in the United Sta tes, there is a student who is a t least seven feet ta ll" ? 

W e have argued that the preceding sequence does not converge to 0. Let's 
argue against the claim that it converges to 1/5. Choosing <: = 1/10 produces 
the neighborhood (1/10, 3/10). Although the sequence continually revisits this 
neighborhood, there is no point at which it enters and never leaves as the defini
tion requires. Thus, no N exists for t = 1/10, so the sequence does not converge 
to 1/5. 

Of course, this sequence does not converge to any other real number, a.nd it 
would b e more satisfying to simply sa.y that this sequence does not converge. 
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•x t· is 2.2.7. l11 fo rn1 a lly sp mtkin µ, , t.h c sr q11 nc ,/ii, "co nverp;es t.o · 1fi11il.y." 
(a) l11iiLaLe Lile lo ri ·o.1 s t. ru ·L 11r • u f I d i11it,iu11 2. 2.3 tu create u ·guro us J ·fi -

11i t iu 11 fo r Lil · 111 uLh ·111 uti cul ~t,a t, •111 •11 L li111 :i;" = . Use Lhi:; l 111it.io11 Lo pl' v ' 
lirn ,/ii, = 

(b ) Wh o.I. d 'l:i yo ur d •fi11i Lio11 i11 (a) say a bo ut 1e p o.rLie11l a r s •qu ' II · ' 

( l , 0 ,2, 0, 3, 0, 4, 0,5, 0, . .. )1 

Exercise 2.2.8. Here a.re 1.wo 11sefitl d finit' ns: 

(i ) A s q uenc (an ) i eventnr.lly it a set A ~ R if' t here ex i Ls a n N E N 
s uch tha t a" E JI f r a ll n ~ 

(ii) A seq ue11 ce (an ) is /1·1;: t ' nlly i11 a l:ie t A ~ R if, for every N E N , Lh erc 
x is ts a 11 n ~ N s 1 • t ha t, a" E /1 . 

(a ) 1 t.h e segue :e (- 1)" e ve11(,11 ;, Jly or fr .quenLly int.he s t. {l} ? 
(b) Which cl , rni t ion is s t.ranger? Docs frequently imply cvcnt w=dly or doc:s 

eventua lly i y frequently? 
(c) i • a n a ltern a te reµhr as i11 g o f De A11i t io11 2.2 .3B us in g either frequ 111,ly 

or 'eve ua lly. Which is t he L•rn1 w wa11L? 
) Suppose a n infinite 11umbcr o f terms o f a seq uence (xn ) are equa l to 

. Is (xn.) necessarily eventua lly in t;he interva l (1. 9, 2.1 )? Is it freq uenLly in 
(1.9, 2.1)? 

2.3 The Algebraic and Order Limit Theorems 

The real purpose of creating a rigoro us defini t ion for convergence of a sequence is 
not to ha ve a too l to veri fy compu ta t iona l s t a tements such as lim 2n/ (n+2) = 2. 
His torically, a definiti on of the limit like Definition 2.2.3 came 150 years a fter the 
founders of calculus began working with intuitive notions o f convergence . The 
point of h aving such a logically tight description of convergence is so th a t we can 
confidently stat e and prove statements about convergen ce sequences ·in general. 
We are ultima tely trying to resolve arguments a bout wha t is and is not true 
regarding the behavior of limits with resp ect to the m a thematica l m anipula tions 
we inteud to iuflict oil them . 

As a first example, let us prove th a t convergent sequences a re bounded. The 
term "bounded" has a rather famili a r connot a tion but, like everything else , we 
need to be explicit about what it means in this context . 

Definition 2.3.1. A sequence (xn) is bounded if there exists a number M > 0 
such that j:cnl ::::; M for all n E N . 

Geometrically, this means that we can find an interval [- 1'\lf , JV!] tha t contains 
every term in the sequence (xn). 

Theorem 2.3.2. Every convergent sequence ·is bo·unded. 
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Proof. Assume (1:11 ) converges to a limit l. T his means t hat given a pA.r t.i cul ar 
value of€, say E = 1, we know there must. exist an N E N such that if' n ~ N, 
t hen x 11 is in t he interval (l - 1, l + 1). Not knowing whether l is po. it.ive or 
negative, we can certainly conclude t hat 

l,xnl < Ill + 1 

fo r a ll n ~ N. 

x,., n ?._ N ,--., 
:t:2 x, X:t 

( •••I••• ) 
Xr. X ,1 

• I • • • • 
0 l - l l l+ l t 

M 

We still need to worry (s ligh tly) abo ut. t.he the t.erms in the . erp1ence I.hat. 
come befo re t he Nt.h term. Because t.here are on ly a fin ite nu mber of' t hese, we 
let 

M = max{ lx1 l, lx2 l, lx:i l, .. . , IXN- 1[, Ill + 1} . 

It fo llows t hat J:i;,,I :::; M for all n E N , as des ired. D 

This chap ter began with a demonstration of how applying famil iar algebraic 
propert ies (commutativity of addition) to infi nite objects (series) can lead to 
paradoxical rcsult;s. T hese examples arc meant to inst ill in 11s a sense of caution 
and just ify t he extreme care we arc taking in drawing our conclusions . T he 
fo llowing t heorem. illust;ntte t hat sequences behave extremely well with respect 
to t he operations of add it ion, mul tiplicat ion, d ivision, and order. 

Theorem 2.3 .3 (Algebraic Limit Theorem). Lel lim a11 = o., and Jim b11 = 
b. Then, 

(i ) lim (can) = ca, f or all c E R ; 

(ii) lim (an + b,,) =a+ b; 

(i ii) li m(a,,b,,) = ab; 

(iv) lim (a,jb,,) = a/b, provided bf= 0. 

Proof. (i) Consider the case where c f= 0. We want to show that the sequence 
(ca,, ) converges to ca, so the structure of the proof follows t he template we 
described in Section 2.2. F irst, we let E be some arbitrary posit ive number. Our 
goal is to find some point in the sequence (ca,,) after which we have 

[can - ca[ < €. 

Now, 

Jean - ca[ = [cl Ian - a[. 



46 Cha.pt r 2. ''C/ " •11 ·oi'i tiud ric 

W A,!'e r;iv .n t.lrn l. (r,.,,) , n, so wr. know wr. r:an ma im 111 11 r,,I M R111fl.ll M; we 
like . In pA.rt.ic11IA.r, we c:a11 choosr. A.11 N s 11 r: h tlrnt 

f 
la,. - al < jcf 

whenever n ? N. To s LI H\L Lhis N ind ed works, observ LlmL, f r a ll 11. ? N , 

lea,. - a l = lcllan - a l < le i jcf = · 

The case c = 0 r duces Lo show ing t hat t he constant eq 11 nc (0 , 0, 0, ... ) 
converges to 0. This is addr ss d in Exercis 2.3.1. 

Before co11tin11in wil.h pFtr t.s (ii), (iii) , a nd (iv), we s houl d po int. 0 111. t hat 
t he proof o r (i), whi le so 111ew ha t. s hort;, is extremely t.yp icA.I f'o r fl. r:0 11verge11 ce 
proof'. Defore embFtrkin g on Ft f'ormal a rgument., iL is a good ideA. to 1.Ftke a n 
in ventory o r what, w wrinl t.o ma ke less t.han E, a nd what we 11.re g'iven cA.n be 
made small for s uit.ab! . cho ice::; o f' n . For I.he previous proo f', we wFtnLcd Lo mak 
lca11 - cal < t, and we w r . giv n la,., - a l < n.nyt.hing we like (f'or la rg values o f' 
n). Notice t;Jrn.t. in (i), r-tnd a ll o f' I.he ens uing a rg11ment.s , Lhe st. rat.egy eA.ch Lime 
is Lo bound the q11 ant it,y we w1m l. t.o be le s Llrn.n t, whi ch in eA.ch case is 

l(Lerms or equence) - (proposed li mit,)I, 

wit.h some a lgebra ic combim1.l.ion of q11 a nt.it.ies over which we h1we cont rol. 

(ii) To prove this statement, we need to argue that t he quant ity 

l(an + b,.) - (<.l + b)I 

can be m ade lcs:; t han au a rbitrary c usi11g t he assurnpt io11:; t hat lu.n - al and 
lbn - 1,1 can be mfl.de as small fl.S we like for la rge n. T he first step is to 11se the 
triangle inequali ty (Example 1.2.5) to say 

l(<.ln + b,.) - (o. + b)I = 1(11.n - 11.) + (bn - b)I s; Ian - nl + ll1n - bl. 

Again, we let c > 0 be arbitrary. The techn ique this time is to divide the E 

between the two expressions on the right-h and side in the preceding inequality. 
Using t he hypothesis that (a,,) --> <.l , we know there exists fl.n N1 snch that 

( 

Ian - a l < 2 whenever n? N1, 

Likewise, the assumption tha t. (bn) --> b m eans t hat we can choose a n N2 so 
th a t. 

( 

lbn - bl < 2 whenever n? N 2. 

The question now arises as t.o which of N 1 or N 2 we should take to be our 
choice of N. By choosing N = max{N1, N2}, we ensure that if n 2 N, then 
n 2 N 1 and n ? N2. This allows us to conclude t hat 

l(an+bn)-(a+b)I < lan-al + lbn-bl 

< 
E E 
-+-= E 
2 2 



' . .'J, '/ '/11 1 /1111 /11·1,/1 • 1111// ( 1//111 /, /1111/, 'J'/i1 •1m•111N 

m 1111 11 • N, , , d1 •:rn ,,cl . 

(Iii} Tu : li t w 1,111,L (11 11 /J") , 11// , w IJ g i11 by olm ,,·vi 11 p, t, l11Li, 

111., /1 ,, r,/11 lu" /111 11/111 I- 1,/1,, "Iii 
lo,.li,, c,li ... l I Ioli,, nbl 
liJ"ll a,. ttl I lnlliJ,. Iii. 

T11 It i11il.i nl L p, w • Httl) n1 :Llid 1111 d Lit II f\ Id cl ab," whi h c1· n,t, d n,n ppm·
Luni l,y Lo us• Lit • Lri11111 I • i1wcp1nli L , bs nn inJly, we h;w Ir k n 11p t.h di. t,1t11c·e 
l'ro 111 ti 11 b,, l,o cili wlLlt ,, 111 l l w11 , 1J h,L n11d M usin · Lit s11m r Lh ' t,wo <lisl,n11 c:,•s 
Lo v •1·e, l,i111nl,u l,l1u ul'igl 11nl di. l.nt1cc . Thi. ·I vc1· t,i·ick will I c nic 1t 1'1t1 11ilin1· 
L ·lt11iq11 • in f\rg11111 11 L, to 1:01,1u. 

L LLi11 g .,, 0 b · 11rlJiLrnry1 w IL Ain pr · cl wiLh Lh sLrn.L y r 1rntki11 •11 clt 
pi in Lh p1· c lini; i11 q1mliLy le. s t,hm1 /2. J,' r t,h pi r. 011 l.h • ri hl.-ha11d 
sicl ~ (lt1,llb,, bl} , ii' ri, / 0 wo rn 11 ·ho s N, so Llrnl. 

irnplicH 

('t:'hc ·as wlic11 n - 0 i. lrnndl d in •x r ·is 2.3 .7.) 
l •f'L-ha11d sic! • (lb,.lln,, - cil) Lo I • I s Lh an /2 is ,npli aL d by Lh ra L Lhat. 
w • hav u. vo.ri bl 1u,111Lit,y lb,, I L · 1 t. nd wit.h as J p d t t h con. I.ant, lal 
w encounLcrcd in t.h right.-hond t. rm . Th id a is to r place lb,,I with a worst
ca st.irnaLe. si11 t.h f' ·L Lhat. conv rgent sequenc ar bounded (Thcor 111 
2.3.2), we kuow U1 re ex isLs a b und /VJ > 0 sat isf.'.y ing lb"I :5 M for all n E N . 
N w, w an h os N 2 s LhaL 

·1 
la,, - al < M 2 when ver n ~ N2 . 

To finish the argument, pick N = max{N1,N2}, and observe that ifn ~ N, 
then 

la,.b,. - abl :5 lanbn - ab,.I + lab,, - abl 

= lbnllan - a.I + lallhn - bl 
:5 M!an - al + la,111,n - hi 

< M Cv;2) + lal Ca~2) = t. 

(iv) This final statement will follow from (iii) if we can prove that 

(hn) -> h implies (,,~) - > i 
whenever b -j 0. We begin by observing that 



lj fo1µl ' 1' 2. Jll lli JCC,S und ri s 

I re use (11,.) > /11 we <:ft 11 mnkc I.he prcccd i11 p; n11 n1crA. t.or Hi, 1-1 111 n.J I ns we like by 
ch os inf~ n 111.rgo. 'l'hc: pmb l(') n, comes in t hat we Henri ,t w(} rs l.-r.n,"ie f!s t.i 11111tc on 
t.h r. s ize o l' 1/(11111111,I) . 13ccfws I.he /1 11 t.enns arc ill t.h r. dcll om i1 mt.or, we 1-1.rc no 
lonp;e r int:cr 'S I.Od ill 1\11 1111 rcr bo 11nd on liJ,. I b11!; rA. t.hor in 11.11 ill r. q11 A.lit.y of t he 
fo rm Jl>,.I ~ 6 > Cl . '.!'his will I. hen lcA.d t,o 1-1. boull d on t: hc s i:.10 o f' 1/(lbllb,, J). 

T he t ri ck is l.o I ok f'n r Cllough out in to the scrp1cncc (h,,) so t.li A. t. I. he terms 
~,re closer l.<1 I> i.l m 11 1.li t:y ,\re Lo Cl . Collsider I.he pr1rl. ic: 11I m· vA.111 0 = JliJ /2 . 
.B -cause (/J,, ) - , b, t.h r . x iHLS an N1 such t,lrnt. lbn - /JI < lbl /2 f r n,11 n ~ N1. 
T his impli s lb,.I > lbl /2. 

N xi. , cli oos . N2 so Lllfl.1. n ~ N 2 im plies 

flbl 2 

lb" - 1i1 < - 2- . 

F i1 mlly, if' we le i. N = 1m,x{N1, N2 } , !;hen n ~ N impli es 

1
1 11 1 lbl2 1 

/ - b = lb - /Jnl Jbllb I < 2 lb! - ( . 
>n n lhl T 

Limits and Ord r 

D 

Although there arc a few dangers to avoid (sec Excrci:;e 2.3.8), t he Algebraic 
Limit Theorem verifies that t he relationship between algebraic cornbiuations of 
scquc11ccs and the limi t ing process is as trouble-free as we could hope for. Limits 
call be computed l'rorn the iudividual cornpoueut sequcuces provided that each 
component limit exits. The limiting process is also wcll-bchn.vccl wi t h respect 
t o the order operation. 

Theorem 2.3.4 ( Order Limit Theorem). Assume Jim a,. = a and Jim b,. = 
b. 

(i) ff a,, ~ 0 f or all n E N , lhen a~ 0. 

(ii) If a,. S b,. for all n E N , then a S b. 

(iii) ff the1·e exists c E R for which c S bn fo r all n E N, lhen c S b. Sim ilarly, 
if an Sc for all n E N , then a Sc. 

Proof. (i) We will prove this by contradiction ; thus, let's assume a < 0. The 
idea is to produce a term in the sequence (an) that is also less than zero. To 
do t his, we consider the particular va lue Eu = lal . The definition of convergence 
guarantees that we can find an N such that Ian - al < lal for a ll n ~ N. In 
particular , this would mean that laN - al < lal, which implies aN < 0. T his 
contradicts our hypothesis that aN ~ 0. We therefore conclude that a ~ 0. 

UN 

~ u 2 a1 
i-• • • ) • • • • • 

a - € 0 a O=a+en 



( i) 'l' l1t1 A l11t1i>l'll l1 · l ,ii11lt. ' l ' l1t•n r(11, 1 rn1H11rc'. 1.hn.t. t. lH• . 11q1u111 1·r• (/1,. "" ) co 11-
11, q11 ·11 l.n /1 11 , I IP1·1111 1• /1,1 11 11 0 , W<' <·11 11 11ppl,Y p1u·1 (i) 11 gt il. 1.!1111, /1 " () , 

(Ill) ' l1
1il<t1 , , 11 , . ( H' /111 c) fw· ,,JI rt N , H11 d fl,l11)ly (ii ). 0 

A word I lrn11L 1,1, , ldv11 ol' "L1 il l. " l:; i11 ord r . Loo ly. p<111 kl11g 1 lli11it,i; n.11d 
t,li llll' Pl'P iHll'l,h•H dn 11 01. d11p1· 11 d H,(, n.11 (lil wli ,tt. ii fq)Jl(lllH nt. I.It (• I np,l1111i11g of' 
t.111 • I l '(lll111H'(• h11t JII '<' (,l'irl ly d 1!.1'1'\ 111111 d by wh1\I, )111,1 l)t11H-l wh1• 11 11 l\C IM lnrno. 
1l11~11 11l 11 n I.ho 11111!1 11 f' I.hr fi1 'H I. t.c 11 or t.011 t.h o11s1t11rl t.c•nt1N i 11 it pnrt.i <: 11l f\1· 

, !'1pl l'l1('(. h11. 11 (, fi'n •I, OI i I l1t' l im it.. ' l 'hCOl'Olll .. :l .11, J) ltl'I. (i ), f'o r i11 sl.1tllC:(', 11,'i!'l llrlWFl 
1.h i.t. 1, 11 , 0 fnr 11,ll ,, N . II 1wovC'r 1 I.h r. hy pot.h cAi. r.o11ld tw w!',tk 111od by 
1l.'1H11m i11 µ, only 1.h111. t hc'1·c• c'xi.'l.s . omo po i11t. N1 whore 11 ., > 0 l'or ,d l 11, > N , . 
Th <. I. IH'or<· 1,1 1·rn 11 ni11H l.r11< , n11d iii l'nr: I. I.he s1t11 1c pr o f' is v1did wi t. li I. lie prov i:; icrn 
t.i 11Lt. wht•11 N is C'hnsc•11 i i. lw 1tt. lc.nst. ns l1trge ns N1. 

111 I.he ln.11g11 1tf~ll nl' 1t11 nly, ·is, whn11 n. prnpcrt.y (s11r:h 11s 11 011-nognt. ivi t.y) is 11 01. 
11 er:1 •1,s11 r i ly l. r 111 111 0111, Ho 1111• li 11i l.c1 1111111bnr ol' i11iLi AI l.rrn1H l 11(, iA l,n1e l'or A.II 
I.( 1'11 IH i II I.he• H(i(JI I 'II (:(' 11 i't,( r fl ) I II l poi 111. N , WO 8fLY t.liH,l, t.h c HO(j llOl lC(: e11en /,7t

fill1J h11,'i 1.hiH p1·opo1'1.y. (, 111 l·~xo ,·c: iHr 2.2.8 .) The re,n 2.:1 .'1, l)A, l't. ( i), r: 11ld br 
l'l'Hl.n.l.<•d , 11 '0 11 11urw 11 1. Hllqilt' II C:L'S I.h at. fl I' l l (l VC' lll.liHJly 1101111 llf);fl l.i llC COIIV ,l'g'C I.() 
11 01111L1t 11.t.iv(• liniit.H." .I r1.1'i.H ( ii ) ;\11d ( iii ) hnvo Rimi! A,r rn d iflr.fl. t,ions, ;1.<i w ill m,, ny 
oLht r upc:0111i11g 1·rs11lt.H. 

'xor ci i; 2. 3. 1. how Lhnt Lhe ·onsta11 t sequence (a, a, a, a, .. . ) co11v rg s to 
rt. 

E xercise 2.:3.2. L ' t :1; !1. ~ 0 f'or all n E N . 
(n.) u· (:1:,. ) • 0, !;l ltuw t hat ( ~ ) - • 0. 
(h) JI' (:1:n) - > :1;, !;lhuw t hat( ~ ) - • .Ji,. 

Exe rcise 2.3.3 (Squeeze Theorem). Show that if x 11 ~ y11 ~ z" for all n E 
N , and if lirn :r;" = li m z,, = I, t hen limyn = I as well. 

Exercise 2.3.4. Show tlrnt. limits, if they ex ist. , mnst. be unique. In other words, 
fl.<; ume lim r,, n = l1 and lim an = l 2, and prove that; 11 = 12. 

Exercise 2.3.5. L et (x,. ) and (y,.) be given, and define (z,,) to be the "shuffled" 
sequence (x 1,y1, x2, Y2, x3 , y3, ... ,x ,.,yn , ... ). Prove that (zn ) is convergent if 
and only i f (xu) and (y,, ) are both convergent with lim x ,, = limy,. . 

Exercise 2.3.6. (a) Show that if (bn) --> b, then the sequence of absolute valnes 
lbn l converges to lbl . 

(b) I s the converse of part (a) trne? If we know that lbnl -, lbl, can we 
deduce t hat (bn) --> b? 

Exercise 2.3.7. (a) L et (an) be a bounded (not necessarily convergent) se
quence, and assume lirn bn = 0. Show that lim(anbn) = 0. Why are we not 
allowed to use the Algebraic Limit Theorem to prove this? 



2. 11. 'J'I, Monolt>iH' (;0111' 1'!'/: 1111 • 'L'hcor 111 and f11fi11il 8 ri<'8 51 

D f-i11it.i cJ11 2.4. I . A H<'q11t \l H't1 (r,n) is inr:nin.sin.lJ if' 11,, < 11,11 1 for ;i ll 11, N ft 11 d 
rfor;rn1ts·i11,.1J if 11,n > r, ,, 1 1 f'or nil n E N . J\ seq11c11 cc is 111.or1.ol.r111.1; if' ii. is cil.l1 cr 
i11 crnns i11g or drc:rnn. i11 µ;. 

'l h rm 2.4.2 (Munoton 11v rg n c Th o r m). !J n.s r,1t n ismono-
lon and bonnd cl, 1./wn. ii. conv 19es. 

I 1'00/. I, •L (a,.) b • 111u11 lJl.<1 11 • 11.11d 1Jou11cl ,d. To prov ' (a,.) ·0 11 11 •r ,. •:; Ul:i i11 g Lh " 
d •li1iiLio11 of ·u 11 v •r C ll l ' •, w • 1ir • go i11g Lo 11 eed a ·a11dida L • f'o r Ll1 , li111iL . L0 t':; 
as::; u111c Lit • i:; q11 11 · • ii; i11n 1c1..; i11 (L it e <lecrei:l..; i11 g ca..; • i:; ha11 cl l 0<l i; i111il a rly), a nd 
·0 11 ·i<lcr t h • se l I' poi11Li:; {n,, : n E N} . By as:; u111p Lio11 , t; hi:;:; L ii; bou 11 ded, :;o 
we ·a11 leL 

.~ - s11p{an: ·11. E N} . 

Tl; i:P •111 ::; r 'a..;0 11 ablc l. lJ cla it11 Llt aL lin1 (an) = s . 

.s = s up( a,.;n E N) 
n1 r12 '" flu $ <'tu + 1 .. , ~ ............ 

To prove I.his, I I. > 0. J eca11. e s i !;he lea.s t·. 11 pper bound o f' {a,,: ·11. E N} , 
s - ( i.· not A.n 11 ppe r bo 11 nd, so t here exists n point in the seci11e11 c:c ''·N s 11ch 
th nt s - c < aN. Now, I.he fact; that (an) is incrca.·ing implies thnt, if' n 2: N, 
!;hen aN $ an, Hence, 

s - E < aN $ a,. $ s < s + E, 

which implies Ian - s j < E, a::; desired . D 

The Mo 11otone Couvergeuce Theorem is extremely useful for t he study of 
i11fii1i te series , largely because it asserts the co11vergence of a sequeuce wit hout 
expli cit rne11 tio11 of the actual limit. T his is a good 111ome11t to do some prelimi
nary invcstigatio11s, so it is t ime to formalize t he relat ionship betwee 1 seque11ces 
a11d series. 

D efinition 2.4.3. Let. (b11 ) be a sequence. An in.finilF- eries is a formal expres
sion of the form 

00 

L bn = b1 + b2 + b3 4 + b5 + · · ·, 
n= l 

We define the corresponding se ence of partial sums (sm) by 

Sm= b1 + b2 + b3 + · · · + bm, 

aud say thaJ · -~ series I:: = l b11 converges to B if t he seque11ce (sni) converges 
;is case we write '°'00 b = B ' L..rn=l n · 



'·"· s.,,,,. ,,,, .,,,., . ., ., ,,,, ,.,,,. ,,,.,,, .. ,,, 11 ..i, .. , '"'·'' .,., .. .. ....... / 

(h) '11h1 1 /11111 / .rnfll'1'1twol (11 11 ) 1 rn· l i1 11 11p11 ,1 , I rh•fl111•d l1,v 

Ii I ll II p ti II 

wl1 t11·1 1111 I l,lt1• H1•qlt 'I I( ' \' 1'1·c /1 11 pt1 1t l' rovld1• fl, r<'llHWtfdJI · 
d 1111 11.11 11 frn• il111 l11f' t1,, 1111d l,d l' ·x pl11il1 wily it. fl iWh,.YH ' hit,H f' l' 1t11y l.ni1111d •d 
H (Ill 111 '\', 

(r:) l' l't1v11 l,1 11 ,t , l i t_!}j-i f/ 11 lii,1.' 11p n,11 f'/11' < w ry l101111dlltl ,u:q11<11te:o, ,incl give 
1111 1•x1 1111pl1• of' 11,j:li,c(\1c11 c:c f'or w ili :h I.he i11,1q11 11 lit.y iH st. ri !'I. . 

(d) Sl1010fllt1. li111 i 11f' n,, l i 111 HIIJ) n,1 if' 11 11d only II' li111 a,, ·x iHLH. f11 llti i; /~fu,u i, lt fl l'(' ii< · i;11 1111· v11 l11 e. 

2. r: th 

111 1,;.-n,111pl!' 2.1\.fi, we· Hltowr.tl l.hnl, t.l1 c• setp1onco of part.i;d s11111R (8, 11 ) f' I.hr, 
It rmonir: sori es docs 11 01. co11vrnl r: by l'oc11:; i11g n11r nl. l.<i11t.io11 011 f\ p11,rl ,i c: 11l r1.r 
.m/J ,q ,•qw 111.r.n (8~• ) or l.l in origi11 ttl sr.q11c•11 <:c1. F'or I.Ito 111 111c11I. , wr wil l p11I. l.h . 
l.opic or i11fi11it.c: seri c•s 11:; icte n11d 111oro 1'11lly ct evelop t.ho im1 rl ,11,nt. cone .pt. o f' 
s11bs .rp1 011 crs. 

flniti n 2. 5 .l. L t (a,.) 1 A. s q11 nc al 1111111b rs, and I t n, < n2 < 
of' 11 aL11 rnl 1111 inbcrs. '!'hen t h ?t;s < n~ < n5 < · · · b 

sequ n · 

is call d a subsequen ce of (a ,.) and is denoled by (a,,
1
), wher j E N indexes 

th subs qu 11 

Notice Llt at Lite order of t he tertns i11 a . ubscquc11 cc ii; the same as in the 
origi11 al ::;equc11 cc, and repeti t ions arc 11ot allowed. T hu:; if 

then 

and 
( 

1 1 1 1 ) 
10 I 100 l 1000 > 10000 > • .. 

are examples of legitimate subsequences, wherea.5 

(
1 1 1 1 1 1 ) 

10 ' 5' 100 ' 50 ' 1000' 500' 
and 

are not . 

Theorem 2.5.2. S·ubsecruences of a convergent seq'Uence converge to the same 
lirn'it as the or·ig'irial sequence. 



[i (l 'J 111JJ /,1•r '. 8c•q 11 •11 · ·s t111 d ri •s 

D 

'l'ltl ,; 11 1)!, Luo l) \lrµri ·in r •s1tll, lt ns s ·wrn l i,0111 t• wltaL ,mrpri:; i11 ,. appli c;aLio11:;. 
II, I. !.111 · k~·y i11 rr ·d i 11 L ror 1111 I •r:;Ln 11di11 wit •11 i11fi11iL<· 1:i u111:; ar · ll.':il:iOCiaLi v' 
( l·~x •1'('i:·w 2.".2). W , ·u,11 a18o u:;, iL it1 I. It • r llow i11, ·l ·v •r way l,o ·umpuLc 
va l11 'H ( f' HUIII ' J'a111ilia r li1nil:; . 

.IE 11111pl 2.5.3. L L O < b < l. B • ·aus 

b > b2 > b:1 > /J~ > . .. > 0, 

Lit H •q11<111 c (b") is d er as i11 g a 11 d bo1111 I db low. T it nv rgence 
Th or •1n 1111 ws 11:; Lo c II l11 d , Lit a. I, (b") 11 v r · s 1, s 111 l a t isl'ying b > l ~ 0. 
' l'o ·01J1puL l, noLice Lh aL (b2") i · 11 subs qu 11 c , so (b2

'" ) - • l by 'l'h or -m 2.5.2 . 
I ul, (b2") = (b")(b"), so by Lit Al · brai · Li111i l, T it r m, (b2

") - • l · l = l2
. 

B ·au1:1 linii L ar · uniqu , 12 = l , and Lhus l = 0. 
Wil,lto11L 111 ud1 t ro11lil • (Gx. •r ·isc 2.r. .r. ), we ·a 11 re 11erali 'l.:c t ltis exa111pl • to 

eo 11 cl 11d • (// ') -> 0 wltc11 •v •r - 1 < /1 < 1. 

E a.mp! 2.5.4 (Diverg nc Crit rion). T h r rn 2.r-.2 is a lso useful !'or pro-
vid i11g II mical proof- !'or li v-rgence. 111 Bxalllpl 2.2.7, we were quite sure 
Llt aL 

( l, - ~ , ~. - ~, i, -i, i, -~, ~. -i, i, -~, i, -~, .. . ) 
did not converge to any I roposed li mit. Not ice th at 

is a subsequence that converges to 1/5. Also, 

is a different subsequence of the original sequence that converges to -1/5. Be
cause we have two subsequences converging to two different limits, we can rig
orously conclude that the original sequence diverges . 

The Balzano-Weierstrass Theorem 

In the previous example, it was rather easy to spot a convergent subsequence 
( or two) hiding in the original sequence. For bounded sequences, it turns out 
that it is always possible to find at least one such convergent subsequence. 

Theorem 2.5.5 (Bolzano-Weierstrass Theorem). Every bo'UTided sequence 
conta·ins a convergent subseq·uence. 



' Ji. , '11/H 1• 11111111·1w 111,r / /,/11 /1u /~111 w Wd11n1lr11 1 ' t '/11 •!11! •111 r,1 

I mr,f. I.nt. (11,1) ht • 11 lm 1111 d1•d 11q111111 r1, HO t.111 , t. 1,lu,ri 1 \f l. A/ 0 . 1lt,ififyi 1111 
lr, 11 ! · A/ f'w· 1il l II N, lliH1·t·t, t. lw t·lollt'tl i11t11rv11 I [ /1 /1 /1 / J i11l,tl I. Ii I t.wo t'ioH11d 
1111 1,1• "hi J /\ /10J 11 ,1d [O, ! J. ('1'11 1• 1,1\d1 int. iH i11rl 11 dPd \11 bnl,111 11 lV<'s .) Now, It, 
11 1\ IQI. II ,• 1.1 111 1. 11 1. 11•11. t. 01111 nf' l. h1%' <·In. orl i11t.1 r vnlli C:Otll.1111 1. 11 11 i11n11il 1• 11111111)(• 1' of 
t.lo (1 pnl 11t.!l l 11 t.li, 1

• ntpH1 11 r·11 (n
11

). Snl1wt. it h11 lf' f'rw whirli l.l ilH i. t.11 1• <:11H1' fLlld ln.lH I 
I.h il t. i111.< l' VII I 11 :l , , . '1'11 011 , lot. ti,, , 1)11 HOlll (l point, i11 1.11 1' H\l(!ll li l l\ 'O (r, .. ) 1mt.iHf'.yi 11µ; 

h11 1 11' 

,, tl11:, 

-1-• • • 
Al l> M 

n,. , 11 

Nex t. , w1• hisnc: t. / 1 i11t.o clo:wd i11l.<1 rvf\ lR n f' 1•< 11 ml I n •t.h , fl, 11 d let. /2 he A. 

hn. l f' t.11 11.t. n ni11 c:011t.Ai11 f; a11 ir1fi11it.c 11111n lrnr of p 111 1.A rt.ho ori in A.I . erp1 cnc .. 
Occ1t 11HC t.l1C1re /\I'C 1t11 i11 fi 11it.c1 11111nhor f po int.:; frm n (n 11 ) t.o choose fmm, we 
c:n.11 He lnc t. fL 11 11 ,,,0 f'roin I. lie origimt l se(l11m1c:e wit.lo n 2 > ·11.1 anrl r1.,.~ 12. In 
ge11 ornl , w<' c:onst.ruc:t. t.h e closed interval l k by l. f! king A. hal f of h - i contft ini11g 
n 11 i11fi11it.c 1111111bcr [' f)Oint,. r (0,11 ) fl.nd I.hen sc ler.t. nk > 'll k - L > · · · > n 2 > n 1 

so Llrnt. r,,,,4 E h, 
We want. t.o arg11c t.lrnt. (n.n,) is <1, convcrg ,nt. ::. 11bscrp1ence , b11t. we need fl. 

Cfl,11di(h, t.e for I.he lim it,, T h se t.. 

form a neste I sequence of closed intervals, 1111d by th 1ested Interval Property 
there exisLs at least one point x E R contai11ed in ev -ry h , This prov ides us 
w i th the candidate we were looking for . It jus t r m ains to show that (a,.k) -> x. 

L et t> 0. By construct ion, the length or h is M(l/2)k- l which converges 
to zero. (This fo llows from Example 2.5.3 and the Algebraic Limit Theorem .) 
Choose N so th at k ~ N implies that the length of h is less than c. B ecause x 
and a,.,. are both in h, i t follows that la,,,. - xi < €. D 

Exercises 

Exercise 2.5.1. Prove Theorem 2.5.2. 

Exercise 2.5.2. (a) Prove that if an infinite series converges, then the associa
tive property holds. Assnme a.1 + a2 + a3 + a4 + a5 + · · · converges to a lim i t L 
(i.e., the sequence of part i fl.! snms (sn) -> L). Show that any regrouping of t he 
terms 

(a1 + a2 + · · · +an,) + (an, +1 + · · · + an2 ) + (an2 +1 + · ··+an,)+ · · · 




